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NONDISPERSIVE SOLUTIONS TO 
THE L^.cRiTICAL HALF- WAVE EQUATION 

JOACHIM KRIEGER, ENNO LENZMANN, AND PIERRE RAPHAEL 



Abstract. We consider the focusing L -critical half-wave equation in one space di- 
mension 

idtu = Du — \u\ u, 
where D denotes the first-order fractional derivative. Standard arguments show that 
there is a critical threshold A/, > such that all H^'^ solutions with ||u||j;^2 < M* 
extend globally in time, while solutions with ||«||j^2 ^ A/, may develop singularities in 
finite time. 

In this paper, we first prove the existence of a family of traveling waves with 
subcritical arbitrarily small mass. We then give a second example of nondispersive 
dynamics and show the existence of finite-time blowup solutions with minimal mass 
||moIIl2 = ^*- More precisely, we construct a family of minimal mass blowup solutions 
^ ' that are parametrized by the energy Eq > and the linear momentum Pq G M. In 

^^ ^ particular, our main result (and its proof) can be seen as a model scenario of minimal 

^^ , mass blowup for L^-critical nonlinear PDE with nonlocal dispersion. 

■3 

1. Introduction and Main Results 

1.1. Setting of the problem. We consider in this paper tlie half- wave equation in iV = 1 
'^ ' space dimension with focusing L^-critical nonlinearity: 

^ . (1.1) (Wave) { ,\ . } } ' 

C^ . { u{to,x) =ua{x), u:Ix 

^— V I Here / C M is an interval containing the initial time tg G H^ a-nd 

(N 

{Dim = mio 

_ denotes the first-order nonlocal fractional derivative. Equation (jl.ip can be seen as a canon- 

rS ■ ical model for an i^-critical PDE with nonlocal dispersion given by a fractional power of 

S I the Laplacian. Let us mention that evolution problems with nonlocal dispersion such as 

" ■ ■ (11.11) naturally arise in various physical settings, which include continuum limits of lattice 

systems [3T] , models for wave turbulence [H US] , and gravitational collapse [SJ [13] . The 
defocusing version of this problem is at the heart of the derivation of asymptotic models 
of weak turbulence through the cubic Szego model studied by Gerard, Grellier [TS] and 
Pocovnicu |39j . From a mathematical point of view, the absence of specific symmetries for 
evolution problems like (|1.1[) (e. g., there is no Lorentz, Galilean or pseudo-conformal sym- 
metry) makes the analysis rather intricate and hence robust (i.e., symmetry-independent) 
arguments have to be found. 

Let us review some basic facts about the problem at hand. The Cauchy problem for 
(|1.1|) is locally well-posed in the energy space H^^^(R); see Appendix [Pl for more details. 
In particular, we have the blowup alternative that if u S C*'(/; i?^/^(R)) is the unique 
corresponding solution to (jl.ip with its maximal time of existence to < T ^ +oo, then 

(1.2) T < +00 implies lim ||M(t)||jLfi/2 = -l-oo. 
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Furthermore, equation (jl.l[) is an infinite-dimensional Hamiltonian system, which admits 
three conservation laws given by 



Mass: Af (u) = / \u{t,x)\'^dx = M{uo), 

Momentum: P{u) = I —idxu{t,x)u{t,x)dx = P{uo), 

Energy : E{u) ^ - j \D^u\^{t, x)dx - - / \u{t, x)fdx = E{uo). 
For the half- wave equation (ll.ip . one easily verifies that the mapping 

(1.3) u{t,x)^\^u{\ot + to,\QX + xo)e'^\ (Ao,io,a;o) e K;^ x M x M, 

yields a group of symmetries. In particular, the scaling symmetry leaves the _L^-norm in 
space invariant, and hence the problem is mass critical. A classical criterion of global- in- 
time existence for H^/^ initial data is derived by using the Gagliardo-Nirenberg with best 
constant 

VU e i/l/2(K)^ ||y||4^ <;; C.,\\D^U\\1,\\U\\12 

which is attained at the unique (up to symmetries) ground state profile solution to 

(1.4) i?Q + Q-Q3=0, Q{x)>Q, Q e H^^^R). 

Note that the existence of this object follows from standard variational techniques, but 
uniqueness of Q, which was obtained recently by Frank and Lenzmann in '10', is a nontrivial 
claim in a nonlocal setting, since ODE techniques do not apply for (jl.4p . The outcome is 
the sharp lower bound on the energy 

(1.5) VueH'/\R), £;(.)^i||i5^2[i-^ , 

which together with the conservation of mass and energy and the blowup criterion (ll.2p 
implies that initial data uq e H^/^(M.) with 

\\uo\\l^ <m, -||g||i2 

generate global- in-time solutions. For more details about the Cauchy problem (jl.ip . we 
refer to Appendix IDJ below. 



(1-6) (NLS) ■, ^,,^_ ^,„.,_,^^ ...r..^N 



1.2. The local NLS problem. The structure of the problem is similar to the celebrated 
mass critical NLS problem 

idfU + Au + IuIn'u — 0, 
u{to,x) = uo{x), u : I X 

From Weinstein [33], we recall that initial data uq G H^{R^) with HwoIIl^ < ||Q||l2 yield 
global- in-time solutions where Q is from |16j , |24) the unique up to symmetries solution to 
the ground state equation 

Ag-Q + Qi+^=0, Q(x-)>0, Qeif^K^). 
Moreover, solutions with 

uoeH^nixueL'^}, HmoIU^ < IIQIU^ 

scatter, i.e., they behave asymptotically like free waves, see [6], and this result has been 
extended to all L^ data with subcritical mass using the Kenig-Merle road map [TS] in 
[71[TU|20]- At the mass critical level, the additional pseudo-conformal symmetry of (|1.6p 
yields an explicit minimal blowup element: 

(1.7) sit,x)^-^Q(j)eh'^, ||5(OI1l^ = I10IU.. 

Merle obtains in [291 the classification in the energy space of minimal blowup elements: the 
only H^ finite time blowup solution with mass ||u||l2 = HQHl^ is given by (11.71) up to the 
symmetries of the flow. 
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The question of existence and possibly uniqueness of minimal blowup elements has since 
then been addressed in various settings. The existence of minimal elements can be obtained 
for (NLS) on a domain [3] through a brute force perturbative argument. Similar thresholds 
solutions have been derived for the energy critical problem 18, using the virial algebra 
and without the description of the associated blowup scenario. Then a robust dynamical 
approach for the proof of both existence and uniqueness has been developed by Raphael, 
Szeftel [40', for an inhomogeneous problem 

4 

idtu + Am + k{x)\u\T^u = 0, 

which is a canonical problem proposed by Merle j31) to break the pseudo-conformal symme- 
try, and which under suitable assumption on k does not admit minimal blowup elements. 
The existence and uniqueness of minimal blowup elements in [30] is proved under sharp 
assumptions of k which induce a dramatic influence on the bubble of concentration, and 
allows one to go beyond the perturbative case treated in [T]. The argument involves a soft 
compactness argument using the reversibility of the flow as in (35] , ES] , EH] , and a mixed 
Energy/Morawetz monotonicity formula available at the minimal mass level only to inte- 
grate the flow backwards from the singularity. The robustness of this approach and further 
developments led in [Slj to the construction of minimal elements for the mass critical gKdV 
problem 

which was an open problem since the pioneering work [27j. 

1.3. Statement of the main results. We address in this paper the question of existence 
nondispersive dynamics, and we will describe two example of such dynamics: mass sub- 
critical traveling solitary waves and minimal mass blowup solutions. In what follows, let 
Q e iJ^/-^(M) be the unique ground state solution of (II. 4p . 

A family of mass subcritical traveling solitary waves can be constructed using variational 
techniques and adapting the proof in 13 . Also, note that no such elements exist for the 
X^-critical (NLS), since initial data with subcritical L^-mass for (|1.6p always scatter to a 
free wave (see [7J \T^ [30]) and in particular no solitary waves with subcritical masqj exist 
for (NLS). For the half-wave equation (11.11) . we have the following result. 

Theorem 1.1 (Traveling solitary waves with arbitrarily small mass). For all \v\ < 1, there 
exists a profile Qi, S if ^"(R) such that 

u{t, x) — e^*Qy{x — vt) 

is a traveling solitary wave solution to (jl.ip . Moreover, the mass \\Qv\\l'^ is strictly de- 
creasing with respect to \v\ and for any < |ti| < 1, the profile Qy has strictly subcritical 
mass: 

(1.8) \\Qv\\l-<\\Q\\l-. 

There also holds the limits: 

\Qv\\l^ ^WQWl^ as\v\^Q, 
\Qv\\l^ -^ as \v\ -^ 1. 

A second example of nondispersive dynamics corresponds to a minimal mass singularity 
formation. The existence of blowup solutions for (jl.l[) for which no simple obstruction to 
global existence like for (II. 6p has been an open problem, and our claim is that we can 
adapt the strategy in |40j even though dispersion is nonlocal, and we can build through a 
dynamical argument minimal blowup elements with a complete description of the associated 
mass concentration scenario. The main result is the following. 



because of the cancellation ||Qe'' ''||j;,2 = ||Q||i;,2 for all /3 € ' 
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Theorem 1.2 (Existence of minimal mass blowup elements). For all (£'o,-Po) G ^*+ x K, 
there exists t* < and a minimal mass solution u £ C°([t*, 0); ff^'^(R)) of equation p.ip 
with 

lkllL^ = llQllL^, Eiu)=Eo, P{u) = Po, 
which blows up at time T = 0. More precisely, it holds that 

(1.9) u{t,x)-^—Q(^^—^]e'^^''>^0 in L'{R) as i-^O", 

A2(i) V Kt) J 



wh 



ere 



xHt) \ m 

Xit) = X*t^ + 0{t^), ait) = Oit^), 7W = ^ + ^W' 
with some constant A* > 0, and the blowup speed is given by: 

\\D'^u{t)\\L.^^^ as t^O-. 
Comments on the result. 

1. Extension: Similar questions can be addressed for the generalized L^-mass critical 
problem 

(1.10) idtu^D''u-\u\^'u, (t,2;)eMxM, 

with fractional power 1 < s < 2. Since nondegeneracy (and uniqueness) of ground states 
is also known in this case (see [lOjV we claim that our construction of minimal blow up 
solution carries over verbatim (except for some technicalities when the nonlinearity Jm^^'u 
fails to be smooth). However, the case s = 1 treated here is critical with respect to many 
aspects of the problem; in particular, the absence of any smoothing properties for the 
propagator e~**'° is a delicate issue. For equation (jl.lOp . we claim that the associated 
minimal elements would concentrate an L^ bubble (|1.9p at the speed 

A(t) = A*|t|?. 

The analysis could also in principle be extended to the higher dimensional case, provided 
that the ground state are known to be nondegenerate; see [11] for a recent result in A^ ^ 2 
space dimensions. 

2. On minimal elements: Theorem 11.11 shows that scattering does not occur below the 
ground state. This is maybe not so surprising for the half-wave which is a one dimensional 
like wave equation. However, the variational setting for the construction of traveling waves 
with strictly subcritical mass (11.81) can be adapted to the case 1 < s < 2. This shows a 
major difference with the mass critical (NLS) with local dispersion s ~ 2, and in particular 
that the sharp threshold for global existence and the sharp threshold for scattering are not 
the same. 

3. Role of the momentum: The construction of minimal elements with nonzero linear 
momentum is a nontrivial task, since equation (II. ip neither has Galilean boost symme- 
try (which is an essential feature of (jl.6p ) nor does our problem exhibit Lorentz boost 
symmetry (which occurs for classical nonlinear wave equation). To overcome this lack 
of symmetries to generate solutions of uniform motion, we construct boosted ground state 
profiles for equation (|l.ip by a suitable ansatz that incorporates a velocity parameter v 
of uniform motion. Let us stress that these boosted ground states have indeed a strictly 
subcritical L^-mass. As a consequence, the key is to compute the motion of the generalized 
boost parameter v and to realize that in the regime, we are working with, it asymptotically 
vanishes sufficiently fast and hence does not perturb the concentration dynamics. A similar 
issue occurred in }40i. 

4-. Structure of the ground state: An important qualitative difference between the local 
problem (|1.6p and the nonlocal problem (|l.ip is the structure of the ground state solitary 
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wave Q which decays exponentiaUy for (ll.6p . while for the half- wave equation (|l.ll) the 
ground state exhibits a slow algebraic decay: 

Q{x) ^ (x)^^ as |a;| -> +00. 

Also, the linearized operator close to Q displays a nonlocal dispersion, which makes the use 
of spectral estimates as in [22] particularly delicate. Here we will use two important facts. 
In [To] , despite the nonlocal structure of the problem, the quadratic form associated to the 
linearized Hamiltonian is proved to be nondegenerate, and this is in fact an important step 
of the proof of uniqueness of the ground state. This nondegeneracy itself is then an essen- 
tial ingredient to adapt the strategy in [30] for the construction of minimal elements, which 
does not require any further spectral information — like virial-type coercivity as in [351133] -. 

5. Bourgain- Wang solutions: In [2] , Bourgain and Wang show that the minimal blowup 
element S{t) given by (|1.7I) for the local problem (II. 6p can be used to construct mass super 
critical blowup solutions whose singular part is given to leading order by S{t), see also [22]. 
These solutions are shown to be unstable by "log- log" blowup and scattering in [^. The 
extension of this result to the case of the L^-critical half- wave equation (i. e. the construc- 
tion of similar threshold dynamics based on the minimal element) is a natural question in 
the continuation of this work. 

In the present work, our aim is to present a robust and self-contained construction of 
minimal blowup elements in a setting of nonlocal dispersion. Moreover, we believe that 
the arguments developed here will be of broader interest in the further understanding of 
blowup phenomena of PDE with fractional powers of the Laplacian. 

There are three major questions in the continuation of this work. First, the question 
of uniqueness (modulo symmetries) of minimal mass blowup elements is a delicate open 
problem for equation (jl.ip . and for which we further hope to extend the strategy devel- 
oped in [40] |33] to the half-wave problem. Second, one can ask for the behavior of the 
minimal blowup element on the left in time, and one typically expects that the minimal 
mass blowup element is a connection between scattering at — c» and blowup in finite time 
on the right. Again, this is a non trivial claim in the absence of an explicit formula like 
p.7p . and the solutions of Theorem ll.2l are constructed locally in time only around blowup. 
This question relates directly to the description of the phase portrait of the flow around 
the ground state Q, and the understanding of threshold dynamics, see [371 [331 [33] • Finally, 
the understanding of the flow below the ground state mass in the presence of arbitrarily 
small solitary waves is a very interesting problem. 

Notation and Definitions. We use D^ to denote the fractional derivative of order 
s ^ 0, i. e., we set 

(D^m = ier/(e). 

We employ standard notation for L^-spaces and we use 



{f,9)^ I fg 



as the inner product on L^(R). We shall use X <Y to denote that X ^ CY holds, where 
the constant C > may change from line to line, but C is allowed to depend on universally 
fixed quantities only. Likewise, we use X ^ Y to denote that both X < Y and Y < X 
hold. Furthermore, we use X <a Y to denote that X ^ CaY where the constant Cq > 
is also allowed to depend on some quantity a. 

For a sufficiently regular function / : R — > C, wc define the generator of L^ scaling given 

by 

Af:=lf + xf. 
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Note that the operator A is skew-adjoint on _L^(M), i. e., we have 

(A/,.9) = -(/,Ag). 

We write A*"'/, with fc e N, for the iterates of A with the convention that hP f = f . In the 
foUowing, we sometimes use the multi- variable calculus notation 

V/ = /', A/-/" 

for functions / : M — > K to improve the readability of certain formulae derived below. 
In some parts of this paper, it will be convenient to identify any complex- valued function 



/ 



with the function / 



-> 



/ 



by 


setting 


r/i] 




■JR/" 


1/2 J 




[S/J 



J 



Correspondingly, we will identify the multiplication by z in C with the multiplication by 
the real 2 x 2-matrix defined as 

' -1 
1 

In what follows, regularity properties such as / e i/''(R) (as a C- valued function) are 
obviously equivalent to saying that / £ i/''(IR) (as a M^-valued function). Furthermore, 
the action of differential operators (such as V, A and D'' etc.) on / is defined in a self- 
evident fashion. 

Throughout this paper, we denote the linearized operator (with respect to complex- 
valued functions) close to the ground state Q by 

L+ 
L_ 



L 



with the scalar self-adjoint operators 



i:' + l-3Q^ L_^D + 1~Q^ 



acting on L^ 
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2. Traveling Solitary Waves with Subcritical Mass 

In this section we prove Theorem ll.il which establishes the existence and properties of 
traveling solitary waves for (jl.ll) . In particular, we will see that traveling solitary waves 
with arbitrarily small L^-mass exist, which is in striking contrast to the L^-critical NLS. 

2.1. Preliminaries. Let w G K with \v\ < 1 be given. By making the ansatz u{t,x) — 
e'*Qi,(a; — vt) for (|l.ip . we find that the profile Qy £ H^/^{R) has to satisfy 

(2.1) DQy + Qy + i{v ■ V)Q„ - \Qy\'^Qy = 0. 

Following an idea in |13j . we obtain nontrivial solutions Q^, E H^''^{R) as optimizers for 
the interpolation inequality 

(2.2) 



\u\ ^ Ci, / uDu + u{iv ■ Vu) 

Note that |t;| < 1 is needed to ensure that JuDu + u{iv ■ Vu) > for u ^ 0. Here C„ > 
denotes the optimal constant given by 



(2.3) 



1 ^ ^^^^ 0^ 

Cy neHi/2(E)\{0} 



V^))(/ 



/h 
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By Sobolev inequalities, we see that the infimum on the right is strictly positive (and 
hence C^ < +c» is finite). Furthermore, the fact this infimuni is indeed attained can be 
deduced from concentration-compactness arguments, which in our case follow from a direct 
adaptation of the proof given in 1135 Appendix B]. In particular, optimizers Q^ G H^''^(M.) 
for (|2.2p exist and after a suitable rescaling Qv{x) i— > aQyibx) with a, 6 > they are found 
to satisfy equation (|2.1[) . Following the terminology introduced in [Q], we refer to such 
optimizers Qv{x) that solve equation (|2.ip as boosted ground states (with velocity v) in 
what follows. In particular, the unboosted ground states Qy=Q{x) — Q{x) is the unique 
(modulo symmetries) ground state solving (jl.41) above. Finally, we observe that 



(2.4) 1-=J\Q^\ 



u\\ 



which follows from the fact Q^ optimizes (|2.2p and satisfies equation (|2.ip ; see more details 
on this relation for a similar problem treated in [T3]. In particular, the relation (|2.4p shows 
that two different boosted ground states Qy and Qy with the same velocity v must satisfy 

IIO.||l= = IIQ.||l^. 

We may reformulate (|2.4p as follows. Let the energy functional 

Sy(u) — — uDu -\ — / u(iv ■ Vm) / 

^ ' 2j 27 ^ ' 47 

theifl 

(2.5) £:,(Q,)=0 
and there holds the sharp Gagliardo-Nirenberg interpolation inequality: 

(2.6) VueiJ^ £^{u)^Uf{uDu + u{ivS/u)}](l--^^^ 

2.2. Proof of Theorem 11.11 Let u e R with \v\ < 1 be given. From the previous 
paragraph we know that boosted ground states Qy satisfying equation (j2.ip exist. Due to 
the behavior of the problem under spatial reflections x i— >■ —x, we can assume without loss 
generality that all velocities are positive numbers, i. e., 

(2.7) Os;u<l. 

stepl Sign of the momentum. Let ^ v < 1. We claim: 

(2.8) V fQ^iiVQy)^0. 

Indeed, assume on the contrary that v ■ J Qy{i'VQy) > holds. We define the reflected 

function Qy{x) :— Qy{~x). Note that / |Qup = / \Qv\'^ and v ■ J Qy{iVQv) < 0. Since 
the remaining terms in £y{u) are invariant with respect to space reflections, we find that 
£v{Qv) < £v{Qv) = 0. But ||Q«||l2 = IIQIIl^ implies £y{Qy) ^ from (|2.6p . contradiction. 
We conclude that (j2.8p holds. In particular, we see that 

(2.9) l'Q'v{i^Qv)^Q forO<i;<l. 

For the case w = 0, we recall the fact from [TU] that (after translation and shift by a complex 
constant phase) the functions Qy=o — Qy=o{\x\) is even. Hence, in this special case, we 
have 



(2.10) / Qy=0{iS/Qy=0) = 0. 

step 2 The mass is non increasing. We claim the monotoncity: 

(2.11) \\Qv,\\l^<\\Qv,\\l^ for 0^z;i<W2<l. 
Note that this implies in particular the subcritical mass property: 

WQvWl^ < IIQIIl^ for < ■!; < 1. 



as follows from a standard Pohozaev integration by parts on 112.11 1. 
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Indeed, let Q^^ and Q^.^ be two boosted ground states satisfying (|2.ip with v = vi and 
V = V2, respectively. Since SviiQvi) = by (|2.5p . we find using (|2.9p if wi > and (|2.10p 
if t;i = that 



£v2 iQvi ) = '^1,1 (Qvi ) + (t'2 - I'l ) • / Qt>i (i^Qvi) ^0, 

since W2 — wi > by assumption, which together with (j2.6p implies HQ^JIl^ ^ \\Qv2\\l^- In 
case of equality ||(5t,i||L2 = HQtialU^, Qvi attains the minimization problem (j2.3p with V2. 
In particular, the function Qy-^ satisfies the equation 

(2.12) DQy, + XQy, + V2 ■ VQv, - \Qv, pQ„i = 0, 

with some Lagrange multiplier A e M. On the other hand, by assumption, the boosted 
ground state Qy-^ also satisfies equation (J2.1D with v = vi. By subtracting the equations 
satisfied by Qy-^ , we obtain that 

(2.13) {X~l)Qy, + {v2-vi)-WQy,^0. 

Since V2 7^ vi by assumption and Qyj^{x) — > as |x| — >■ +00, we deduce from this equation 
that Qy-^ = holds, which is absurd. 

step 3 Limits. We claim: 

\Qv\\l^^\\Q\\l^ asji-I^O, 
IQvWl'-' ^0 as \v\ -> 1. 

To show that ||Qu||l2 — > ||Q||l2 as u — > 0, we argue as follows. From |^| — w -^ ^ (1 — |w|)|^| 
for ^ e R and Plancherel's identity, we deduce that Cy ^ (1 — |w|)^^C^=o for the optimal 
constants in (|2.2p . From this simple bound and recalling (j2.4p and the monotonicity (|2.11l) . 
we deduce the bounds 

V^-\v\\\Q\\l^-^\\Qv\\l-^^\\Q\\l-- 

whence it follows that ||Qt, ||l2 — ^ HQHl^ as w — )• 0. 

It remains to show that ||(5u||l2 — )• as \v\ — >■ 1. It suffices to prove this claim for w — >■ 1, 
since f — >■ — 1 can be treated in a verbatim way. Let ip £ i?^/^(R) with f ^ have only 
positive Fourier components, i.e., we assume that supp(^ C [0, +cx)) holds. For v > 0, this 
gives us 

(2.14) {D + iv-W)f = {l~v)Dip. 
From ()2.2p we obtain that 

(2.15) Cy^> ' ^^ ^"^"' 

Therefore Cy — >■ +00 as w — > 1. In view of (|2.4p . this shows that ||(3„||i2 ^ as w ^- 1. 
The proof of Theorem 11.11 is now complete. ■ 

Remark 2.1. By uniqueness of the ground state Q and a concentration-compactness ar- 
gument, one can show from standard arguments that if w„ — > then (after possibly passing 
to a subsequence): 

(2.16) e'-y^Qy^i'+yn) -^ Q in H^/'^{R) as n ^ +00, 

for some sequences {7n}^i, {2/n}^i in '^■ 

For the reader's convenience, we sketch the arguments showing the convergence claim 
(|2.16p above. For \v\ < 1, we define the functional 

(2.17) ^^^^^_iJllDu + H^vVu))iJ\u\^) 



l-vj \{jTpDip){J\^\^) 



I\ 



u[ 



for u G i7^/^(R) with u ^ 0. Adapting the proof in [121 Appendix B], we see that every 
minimizing sequence for Jy{u) is relatively compact in iJ^'^(R) up to translations and 
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scalings. Moreover, as shown in [TIT, the functional J^v=o{u) has a unique (modulo symme- 
tries) minimizer Q, which is the unique ground state solution satisfying (ll.4p . Therefore if 
{^"1^1 C H^/^{M) \ {0} is a minimizing sequence for Jv^o{u), then (after passing to a 
subsequence if necessary) : 

(2.18) anUnibni- + Vn)) ~> Q iri ijl/2(]R) aS n -^ +00, 

for some sequences {a„}^^i C C \ {0}, {bn}n=i C M \ {0} and {2/„}^^i C R. 

Now, we suppose that tin — >■ and let {Qvr,}'^=i be a sequence of boosted ground states. 
Note that 

J (O ^ SQ^DQv. (^ .^^ 2_ 

^"^"^^""^ ~ / (Q;;:^g.„ +Q:::A^v ■ vg.j) ^"-^"^"-^ ^ i - i.„i iig.iii. ' 

using that l^f |— u-^ ^ (l~bl)ICI ^^id that Qv minimizes J^^ [u) and (|2.4I) . On the other hand, 
we have the obvious lower bound Ju=o(Qt>„) ^ J{Q) = 2/||g|||,2- Since ||Qu||l2 — > ||(9||i:,2 
as w — > 0, we conclude that 

Jv=q{Qv„) -> Jv=o{Q) as n -^ +00. 

Therefore {Qi,„}5^i furnishes a minimizing sequence for J'v=o{u). From (|2.18p and using 
the normalization constraints satisfied by Qv„ (to see that |a„| = |&„| = 1), we deduce that 
(^^^ holds true. 

3. Sketch of the Proof of Theorem [T3] 

Before we start our analysis, let us make some formal remarks. To construct minimal 
mass blowup solutions for problem (jl.ip . we first renormalize the flow 



xHt) V m ) 



lit) 

which leads the renormalized equation: 

(3.1) idgV — Dv — V + v\v\ — i-^Av + i—^ ■ Wv + jsV. 

A A 

Following the slow modulated ansatz strategy developed in [SO) |40l [23], we freeze the 
modulation equations 

As , as 

-X = ^' - = "' 

and we look for an approximate solution of the form: 

vis,y) = Pv(.s), Vis) = (bis), vis)) 
with an expansion; 

bs = Piib,v), vs^P2ib,v), Qv^Qiy) + ^o.\+p^iv''b^PaAy)- 

Each step requires inverting an elliptic system of the form of the form Lu — /, where 
L = iL^^L-) is the matrix linearized operator close to Q which displays a nontrivial 
kernel induced by the symmetry group. We adjust the modulation equation for ibs,Vs) to 
ensure the solvability of the obtained system, and a specific algebra leads to the laws to 
leading order: 

bs = --6^, Ws = -bv. 

This allows us to construct a high order approximation Q-p solution to 

-i—dbQv - ibvdyQv ~ DQ-p - Qv + ibAQv - iv ■ VQp + \Qv\'^Qv = -*p, 

where Vl'p = 0(6^ + vV^) is some small and well-localized error term. Furthermore, we 
have that the Q-p has almost minimal mass in the sense that 



j\Qv? = I Q^ + Oib^ + v^ + v^V). 
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We now aim at constructing an exact solution of the form 

and this amounts propagating suitable dispersive estimates for e. Here, a key ingredient 
will be a backwards monotonicity mixed energy/virial estimate which schematically yields 
the bound 



d_\l_ 
Jt\ A 



\D--e\\l, + \\e\\l.+b'^\ / yVee 
\J\v\<i J 



^ + lower order terms, 



where the monotonicity in the critical mass regime relies on the coercivity of the linearized 
energy only. Using the above backwards monotonicity, we can bootstrap and apply a soft 
compactness argument to construct solutions of the form above such that 

In particular, we deduce that the blowup solutions have minimal mass ||uo||/^2 = |](5||l2, 
energy E(uq) = Eq, momentum P(mo) = Pq, and a blowup rate given by 

\\Diu{t)\\L2^^^^ as t^Q-. 

In the following Sections I3HH1 we will implement the strategy sketched above. Finally, in 
Section [5] below, we will state and prove Theorem 18. 11 which in particular yields Theorem 



4. Approximate Blowup Profile 

This section is devoted to the construction of the approximate blowup profile Q-p with 
parameters V — {b,v). In what follows, it will be convenient to identify a complex- valued 
function / : M ^ C with the function f : R ^ R'^ through / == [3?/, 5/]^, as we have 
already mentioned above. Correspondingly, we will identify the multiplication by z in C 
with the multiplication by the real 2 x 2-matrix 



J 



-1 

1 



Employing this notation, we have the following result about an approximate blowup 
profile Q-p, parameterized by T' = {b, v), around the ground state Q = [Q, 0]^ . 

Proposition 4.1 (Approximate Blowup Profile). Let V — {b,v) E R x R. There exists a 
smooth function Qp ~ Qp> (x) of the form 

(4.1) Qv=Q + bRifl + wiio,i + bvRi^i + 6^ii2,o + w^i?o,2 + 6^-^3,0 + b'^vR2,i + b'^Ri^Q 
that satisfies the equation 

(4.2) - J-b^dbQv - JbvdyQv - DQp, - Qp + JbAQ-p - Jv ■ VQv + \Qv?Qv = ^v 
Here, the functions {i2fc,f }o^fe^3,o^f^i satisfy the following regularity and decay hounds: 

(4.3) \\RkA\H-^ + \\ARkA\H^ + \\K^RkA\H"-^ <m 1, for m e N, 

(4.4) \RkAx)\ + \^RkAx)\ + \K^RkAx)\ < {x)-^, for x eR. 
Moreover, the term on the right-hand side in (|4.2p satisfies 

(4.5) ||*p||ff.. <„, 0(6^+«2p), \w''<ifp,{x)\<0{b'' + v^r){x)-^, 
for 777, G N and x € R. 
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Remark 4.1. The proof of Proposition \4-l\ will actually show that the functions {Rk^i} 
have the following symmetry structure: 

odd 



Ri,o 

R2,0 = 





even 

even 




-Ro,i — 



-^2,1 — 



-Ro,2 


odd 




odd 

even' 
. 



-^4,0 — 



RlA — 
-^3,0 — 








even 




These symmetry properties will be of essential use throughout the following. 
Proof. We recall the definition of the linear operator 

(4.6) ^ ^+ ° 



^- L 

^), where L+ and i_ denote the unbounded operators acting on L^(I 



acting on L^ ( 
given by 

(4.7) L+=D + 1-3Q^, L^=D + l-Q^. 

From [FrLe] we have the key property that the kernel of L is given by 



(4.8) 



ker L = span 



VQ 




Note also that the bounded inverse L ^ — diag(L^^,i_^) exists on the orthogonal com- 
plement {keri}-L = {Vg}-L ® {Q}-L. 

Next, let Q-p be given by (14. ip with the functions {Rk.i} to be determined such that 

LHS of g3) =0{b^ + v^r) . 

We divide the rest of the proof of Proposition 14. 1 1 as follows. 

Step 1: Determining the functions {R^.i}. 

We discuss our ansatz for Q-p to solve (|4.2p order by order. The proof of the regularity 
and decay bounds for the functions {Rk^i} will be given further below (which, in particular, 
will guarantee that the following calculations are rigorous). 

Order 0(1): Clearly, we have that 

DQ + Q \Q\^Q^O, 

since Q — [Q,0]'^ with Q — Q(|a;|) > being the ground state solution. 

Order 0{b): We obtain the equation 

(4.9) LRi^o = JKQ. 

Note that JKQ = [0, AQ]^ satisfies JKQ _L keri due to the fact that {kQ,Q) = 0, 
which can be easily seen by using the L^-criticality. Hence we can find a unique solution 
Rifl -L kerL to the equation above. In what follows, we denote 



(4.10) 



Ri^o = L-^JAQ = 




LZ}KQ 



Order 0{v): Here we need to solve 

(4.11) LR^s = - JVQ. 

We observe the orthogonality JVQ = [0,V(5]^ _L kerL, since (VQ.Q) = holds. Thus 
there is a unique solution i?o.i -L kerL, which we denote as 





(4.12) 



Ro, 



-L-^JVQ 



-LI^VQ 
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Order 0{bv): First, we note that Q ■ Ri.q — Q ■ -Ro.i — 0. Using this, we find that Rii 
has to solve the equation 

(4.13) LRi^i = -JRo,i + JARo,i - J^Rifi + 2(iii,o ■ Ro,i)Q- 

Now, we claim that 

(4.14) 

Indeed, we note that 



(4.15) 



(4.16) 



-Ri,o — 



Rq.i — 



RHS of KU\i _LkerL. 

with L_5i = AQ, 





^1 




Gi 



with L_Gi = -VQ. 



Therefore the condition (j4.14p is equivalent to 

(4.17) (vg, Gi) - (vg, AGi) + (vg, V5i) + 2(vg, 5iGig) = o. 

To see that this holds true, we argue as follows. Using the commutator formula [A, V] = —V 
and integrating by parts, we obtain 

-(vg, AGi) - (Avg, Gi) - (vAg, d) ~ (vg, d) 

(4.18) =(VL_^i,Gi)-(Vg,Gi), 

Next, since L_ is self-adjoint, we observe that 

(VL_Fi, Gi) + (Vg, VFi) ^ -{L^Fi,\/Gi) ~ (L_Gi, VFi) = (Fi, [V, L_]Gi) 

(4.19) = -(^1, (vg2)Gi) = -2(vg, FiGig). 

By combining (|4?T8l) and (|4?T9)) . we conclude that (|4T7)) holds. This shows that (I4TT4)) 
holds, and hence there is a unique solution Rii _L kcrL of equation (|4.13p . Moreover, 
since Q and Fi are even functions whereas Gi is odd, we note that 

'F2' 



(4.20) 



^1 







with some odd function F2. 



Order 0{b^): We find the equation 



(4.21) 



LR2.0 



1 



-JRi,o + JARi,o + \Ri,o\ Q- 



Since i?i,o — [O,^!]^ with i_5i = Ag, the solvability condition for R2.0 reduces to 



(4.22) 



-(vg, Si) ~ (vg, A^i) + (vg, sIq) - o. 



However, this is obviously true, since ^i and Q are even functions. Thus there exists a 
unique solution i?2,o -L kerL of equation (|4.2ip . which is given by 



(4.23) 



R2 



i;i(i5i-A5i + 52g) 




with L_5i = Ag. 

Order Oiv^): We obtain the equation 
(4.24) LR,y2 = -JyRoA + \Ro,i I'Q- 

Since i?o,i = [0,Gi]^ and Q = [Q,0]^ the solvability condition reads 

(4.25) (vg,vGi) + (vg,G?g) = o. 

Clearly, this holds true, since Gi is an odd function, whereas Q is even. Hence there exists 
a unique solution i?o,2 -L ker L and it is given by 

'L-\VGi+GlQy 




(4.26) 



Ro-2 — 
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Order 0{b^): We notice that Ri.q ■ R2,o — and we obtain the equation 

(4.27) ii?3,o - -JR2^o + JAR2^o + 2(^2,0 • Q)Ri.o + \Ri,q\^Ri,o- 

Note that the right side is of the form [0, f]^ with some nontrivial /. Hence the solvabihty 
condition for i?3,o is equivalent to 

(4.28) - (Q, Ta) + (Q, AT2) + 2(Q, QT2S1) + {Q, S^Si) = 0, 
where the function Si and T2 satisfy 

(4.29) L_5i = AQ, L+T2 = ^^i - KSi + SIQ. 

To see that (j4.28|) holds, we first note that 

RHS of 6211) = -(Q,T2) - (AQ,T2) + 2{T2,Q^Si) + {Q,SlSi) 
= -{Q,T2) - {L^Si,T2) + 2{T2,Q^Si) + (Q,5?5i) 
^ -{Q,T2) - iL+SuT2) + {Q,S!Si) 

- -{Q,T2) - ^{Si,Si) + {Si,ASi) - {Si,SlQ) + {Q,SfSi) 

= -(g,r2)-i(5i,5i), 

where in the last step also used that {Si,ASi) = since A* = —A. Thus it remains to 
show that 

(4.30) -{Q,T2)^^iSuSi). 

Indeed, by using L+AQ = — Q and the equations for T2 and Si above, we deduce 
-{Q,T2) = {AQ, ^Si - ASi + SfQ) 

= ^{L^Si,Si) - {L^Si,ASi) + {AQ,SfQ) 

(4.31) = l{Si,DSi) + i(5i. Si) - ^{Si,Q''Si) - {L^Si,ASi) + (AQ, SfQ). 
Next, we apply the commutator formula (L_/, A/) ~ i(/, [i_. A]/), which shows that 

{L^Si,ASi) = i(5i, [L_,A]Si) = ^{Si, [D,A]Si) - ^{Si, [Q^A]Si) 

(4.32) = l{Si,DSi) + {Si, {x ■ VQ)QSi), 

using that [-D, A] = D holds. Furthermore, we have the pointwise identity 

(4.33) -(x-VQ)Q + QAQ=ig2. 

If we now insert (I4.32p and (|4.33l) into (|4.3ip . we obtain the desired relation (|4.30p and 
thus the solvability condition (|4.28l) holds as well. Note also that i?3,o — [0,5]^ with some 
even function g. 

Order 0{h'^): We have to solve 

(4.34) LH4,o - -^JR^fi + JAfi3,o + |-R2,o|'Q + HRuo ■ R3,o)Q + 2(i22,o • Q)R2.o, 
where we have already used that i?i^o • Q = R3.0 ■ Q = 0. Moreover, we readily see that 



(4.35) RHS of Km = 



even 



2 



_L ker L, 



since {g,^Q) = for any even function g e i (R). Hence there is a unique solution 
Rifl J- kerL of equation (|4.34p . and we have that Rifl — [h,QY holds with some even 
function h. 
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Order 0{b'^v): At this order, we obtain the equation 

(4.36) 

3 

Li?2,i — — -J-Ri,i + JAi?i_i — JVil2,o + 2(-Ri,i •Q)-Ri,o + 2(-Ri,o--Ro,i)-Ri.o + l-Ri,o| -Ro.i- 

Note also that ili,o • Q = Ri,i ■ -Ri.o = Ro.i ■ R2.0 — 0. Using the symmetries of the 
previously constructed functions, we readily check that 

' 



(4.37) RHS of B3I1) = 



odd 



_L keri, 



since {g,Q) — for any odd function g E L^(R). Thus there exists a unique solution 
i?2,i -L kerL of equation (j4.36p . and we see that i?2.i = [0,5]^ with some odd function g. 

Step 2: Regularity and decay bounds. Let m ^ be given. First, we recall that 
IIQIIff" ^m 1 and |Q(a;)| < (x)"^ holds. Since moreover L^AQ = -Q and {AQ,Q) = 0, 
we can apply Lemma lA.ll to conclude that 

(4.38) IIAgil^™ <™ 1, |AQ(a;)| < {x)-\ 

Next, by applying A to the equation L_A = —Q and using that [L_, A] = D + 2xQ'Q, we 
deduce 

(4.39) L-{A2g + AQ + aQ} = -{2xQ'Q + Q^)AQ, 

for any a G K. (Recall here that L^Q = 0.) By choosing a = (o'o) ^^'^ using the 
previous bounds for Q and AQ (and hence for xQ' as well), we can apply Lemma I A. 1 1 again 
to obtain the bounds 

(4.40) \\A^Q\U<ml, \A^Q{x)\ < {x)-\ 

Having these bounds for Q = [Q,0]^,AQ = [AQ,0]^, and A^Q = [A'^Q,0]^ at hand, 
we can now prove the claimed bounds (|4.3p and (14.41) by iterating the equations satisfied 
by the functions {Rk,e}o^k^3.Q^n above. For instance, recall that Ri^ = [0, 5*1]^ with 
L^Si — AQ and hence AL_5i = A^Q. Then, by using the commutator [L_,A] and the 
previous estimates for {Q,AQ,A^Q}, we derive that 

(4.41) \\A''Si\\H^<ml, |A'=5i(x)| < (x)"^ for fc = 0,1, 2 and TO ^0. 

Using this and proceeding in the same manner, we deduce that (14.31) and (14. 4p hold. 

Finally, we mention that the bounds (14.51) for the error term "^-p follows from expanding 
\Qv\^Qv and using the regularity and decay bounds for the functions {Rk/}. We omit 
the straightforward details. The proof of Proposition 14. 1 1 is now complete. D 

We now turn to some key properties of the approximate blowup profile Q-p constructed 
in Propostion 14.11 above . 

Lemma 4.1. The mass, the energy and the linear momentum of Q-p satisfy: 

f\Qv\^= j Q^+0{h^ + v^+vV^), 

E{Qv) = eib^ + 0{b'^ + v^+ vV^), P{Qv) = Piv + 0{h'^ + v'^+ vV^). 
Here ei > and pi > are the positive constants given by 

ei = i(i-5i,5i), pi=2(L_Gi,Gi), 

where Si and Gi satisfy L^Si = AQ and i_Gi = — VQ, respectively. 

Remark 4.2. Note that L_ > on Q^ and we have Si J- Q and Gi _L Q. 

Remark 4.3. As an aside, we mention that a calculation shows that 



f\Qv\^= f Q^-cv^+Oib'^ + vV^ 



with some constant c > 0. Hence, the boosted blowup profiles have a strictly subcritical 
mass for v j^ small. 
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Proof. From the proof of Proposition 14.11 we recall that the facts that Ri^q = [0,6*1]^, 
Ro,i ~ [0, Gi]^, and Ri^i = [/, 0]^ with some odd function /. Hence we have / Q ■ i?o,i — 
J Q Rifl = / Q Rii = 0. Next, we recall that ^2,0 = [T2, 0]^ satisfies (S*!, 5i)+2(Q, Ta) = 
0, as shown in (J4.31I) above. In summary, we thus see that 



f\Qv\^= fQ^+0{b^ + v^+vV^). 



To treat the expansion of the energy, we first recall that E{Q) — and DQ + Q — Q^ = 
and thus E'{Q) — —Q. Since moreover we have {Q, Si) = and {Q, Gi) — 0, we obtain 

E{Qv) = b' l^{Si,DSi) + {T2,DQ) - \{Q\Sl) - (Q^T2)| + 0{b^ + v^ + vV^). 

Note also that the term 0{bv) vanishes in the expansion for E{Q'p), since Gi and Si are odd 
and even functions, respectively, and hence (Si, DGi) ~ etc. Using that DQ + Q — Q^ — 
and (j4.3ip once again, we see that the expression {. . .} above equals ei = i(L_S'i, Si), as 
claimed. 

For the expansion for the linear momentum functional, we observe that P{f) = 2 J /i V/2 
for / = [fij2V- Hence, 

P{Qv) = 2b f Q'^Si +2v f gVGi + b^ f Si'^Si + 2b^ f T2\/Si + 0{b'^ + w^ + «-p2) 

= 2w(L_Gi, Gi) + 0(6-* + v^ + vV^), 

since L„Gi = -VQ and using that jQVSi = J SiVSi = JT2VS1 ^ due to the fact 
that Q, Si, T2 are even functions. The proof of Lemma |4. II is now complete. D 



5. Modulation Estimates 

We start with a general observation; If li = u{t,x) solves (II. ip . then we define the 
function v = v{s,y) by setting 

1 _^ f ^ x~a{t)\ ^,^(t) (h ^ 1 



(5-1) u(t,x) = —I V s, — -7-T-^ e*' , , — w N • 

^ ' ^ ' A3(f) V Ht) J dt X{t) 

It is easy to check that v = v{s, y) with y = X^^{x — a) satisfies 
(5.2) idgV — Dv — V + w|wp = i-^Av + i—^ ■ Vu + %«, 

A A 

where we set % =7^ — 1. Here, of course, the operators D and V are understood as D = Dy 
and V = Vy, respectively. 

5.1. Geometrical decomposition and modulation equations. Let u{t) e H^^^{R) be 

a solution of (II. ip on some time interval [io;ii] with ti < 0. Assume that u{t) admits a 
geometrical decomposition of the form 



gi-rd) 



(5.3) ^(^' -) = 117^ [«-(*) +<^'^) 
with Vit) ~ {b{t),v{t)) and we impose the uniform smallness bound 

(5.4) b^{t) + \vit)\ + \\eit)\\l,,,«l. 
Furthermore, we assume that u(t) has almost critical mass in the sense that 



(5.5) 



\u{t)\^- Q 



< 



X^t), yte[to,ti 
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To fix the modulation parameters {b{t),v{t), X{t),a{t),^{t)} uniquely, we impose the 
following orthogonality conditions on e = ei + ie2 as follows: 

(5.6) (£i,Aep)-(£2,AEp)=0, 

(5.7) (ei,5bep)-(£2,a6Sp)=0, 

(5.8) (£i,P2)-(e2,Pi)=0, 

(5.9) (ei,Vep)-(£2,VS7>)=0, 

(5.10) (£i,5,ep)-(£2,a„Sp)-o. 

Here and in what follows, we use the notation 

(5.11) Qv = ^v+iQv, 

which (in terms of the vector notation used in Section 2] means that 

(5.12) Qv= Q^ 

In condition (|5.9p , the function p — pi + ip2 is defined by 

(5.13) L+pi^Si, L^p2 = 2bQSipi+bApi-2bT2 + 2vQGipi+vVpi+vF2, 

where 5*1 , T2 and F2 are the functions introduced in the proof of Proposition 14.11 Note 
that L^^ exists on Ll^^^^(R) and thus pi is well-defined. Moreover, it is easy to see that 
the right-hand side in the equation for p2 is perpendicular to Q. Indeed, 

(Q, 2QSipi + Api - 2T2) = 2(g25i, pi) - (Ag, pi) - 2(g, T2) 

==2(g25i,Pi)-(5i,L_pi) + (5i,5i) 
= -(5i,L+pi) + (5i,5i)=0, 

using that (51,5*1) = — 2(r2,g), see (|4.3ip . and the definition of pi. Moreover, we clearly 
see that 2QGipi + v ■ Vpi + i^2 -L g, since Gi and F2 are odd function, whereas pi and Q 
are even. Hence p2 is well-defined too. 

We refer to Appendix [C] for some standard arguments, which show that the orthogonality 
conditions (|5.6p - (|5.10p imply that the modulation parameters {b{t), v{t), X{t),j{t), a{t)} are 
uniquely determined, provided that e — e\ +ie2 is sufficiently small in iJ^/^(]R). Moreover, 
it follows from standard arguments that {b{t),v{t),X{t),j{t),a{t)} are C^-functions. See 
Appendix [Cj for more details. 

In the following, we shall often use the short-hand notation E = Sp and 9 = 9p. If we 
insert the decomposition (15. 3p into (|l.ip . we obtain the following system 

(5.14) fbs + hA dbJ^r + {vs + bv) 9„Sp + d^ei - M^[e) + bAei -v-Vei 
y -f 6 j (AEp + A£i) + (y - v) • (VSp + V£i) + 7, {Qv + £2) 

5(*p)-i?2(£), 

(5.15) ( b, + hA dbOv + (vs + bv) dyQv + dsS2 + M+{e) + bAe2 -v-Ve2 
y + 6 j (AGp + A£2) + (y - «) • (VOp + V£2) - 7s (Sp + ei) 

Here ^-p denotes the error term from Proposition 14.11 and M — (Af-|_,Af_) are small 
deformations of the linearized operator L = (L-|_ , L_ ) given by 

(5.16) M+{e) = Dei +ei- \Qv\'^£i - 2Spei - 2Spep£2, 

(5.17) A/_(£) = De2 + £2 - \Qv?£2 - 2e|,£2 - 2Epep£i. 
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The higher order terms i?i(e) and R2{s) are found to be 

(5.18) Ri{e) = ST^vel + Ze^eiEa + ^pej + kpei, 

(5.19) i?2(e) = 36^6^ + 2I]p£i£2 + Ope? + jepea. 
We have the following energy type bound. 

Lemma 5.1. Fort E [to,ti], it holds that 

h" + \v\ + llell^i/. < A(|^o| + |Po|) + 0[\^ + h^ + v''+ vV^). 

Here Eq — E{uq) and Pq ~ P{uo) denote the conserved energy and linear momentum of 
u = u{t, x), respectively. 

Proof. By conversation of L^-mass and Lemma [4.11 we find that / \u\'^ — J IQ-p + ep — 
J |gp + 25R(£, Q-p) + J |ep + 0{b^ + v^ + vV^). By assumption ([53]), this implies 

(5.20) 23f{(e, Q-p) + I |ep = 0{\^ +b'^ + v'^+ vV^). 

Next, we recall that v = Q-p + e thanks to (|5.ip and the assumed form of m = u{t,x). 
Hence, by energy conservation and scaling, we obtain 

(5.21) E{v) = XE{uo). 

On the other hand, from Lemma |4. II and by expanding the energy functional, 

(5.22) E{v) = E{Qv) + 3? (e, DQr - \Qv\^Qv) 

+ \j \D'^e? - \ j {\QvWel + el) - 2^:^,6, - 4Epepei£2 - iOvsl} 

^eib^ + di{e,DQr-\Qv\^Qv) 

+ \j l^^eP - \ j {\Qv?{e\ + el) - 2^lei - 4Spepei£2 - 2ep£2} 

+ O {M\m,2 + l|e||ffi/2^' + &^ + «2 + vV^) , 
where d = \{L^Si,Si) > 0. Combining (|O0| . ((53T|) and (|02)) . we find that 

\Eo = b^ei + ^{e.DQv + Qv - \Qv\^Qv) + \ {M+{e) + M^{e)} 
+ O (llell^i/. + \\e\\l^;,V'' + b^ + v' + vV^) . 
In the previous equation, we note that the term linear in e = £i + ie2 satisfies 

^ {e,DQp + Qv- \Qv\^Qv) = » ( e, -jdbQv + bvd^Qv - bkQp + v ■ VQv 

+ Oieib"^ + v^ + vV^)) 

= o{b'' + v^ + vr^), 

thanks to the orthogonality conditions (|5.6p . (|5.7p . (|5.9p and (|5.10p . Next, we observe that 
quadratic form M — (Af+, M_) is a small deformation of the quadratic form given by the 
linearization L = {L^,L^) around Q. Hence, we deduce 

(5.23) b^ei + i {(£+£1, ei) + (i-£2, £2)} 

= XEo + 0(||£||^v2 + &^ + «' + vV^) + om\lu2)- 
Next, we recall from Lemma FB. 41 the coercivity estimate 

(L+£i,£i) + (L_£2,£2) ^ Co||£||^i/2 

(5.24) - - {(£l,g)2 + (£i,5i)2 + (£l,Gi)2 + (£2,pi)'} 

Co 
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with some universal constant cq > 0. (Here recall that L^Si = KQ and L^Gi = — VQ.) 
Note that the orthogonality conditions (j5.7p . (15.81) and (IS.lOp imply that 

{euS.f = O (V^eWh) , is^,G,f = Oir'\\e\\h), {e^,p,f = 0{V^e\\U. 

Furthermore, from the relation (J5.20I) we deduce that 

|(ei, Q)|' = o{\\e\\l.) + 0{X^ + h^ + v^+ vV'). 

Combining these bounds with (|5.24p and the universal smallness assumption for V and 
||£||^i/2, we obtain that 

Inserting this bound into (|5.23p and recalling that ei = ^{L^Si, Si) > holds, we derive 
that 

(5.25) b^ + ||£||^i/2 < A^o + 0{X^ +b'^ + v^ + vV^). 

As our final step, we derive the bound for the boost parameter v. Here we observe that 

P{v) = \P{u^), 

by scaling and using the conversation of the linear momentum P{u{t)) ~ P{uo). Hence, by 
expansion and Lemma |4. II and using the orthogonality (|5.9p . we obtain 

APo = P{v) ^ P{Qv) + 23ff (e, -iV(I]p + iQv)) + 5R(e, -iVe) 

= Piv + 0(6^ + v^ + vV^ + ||e||^i/2), 

with the universal constant pi = 2(L_Gi, Gi) > 0. Recalling that (|5.25p holds, we complete 
the proof of Lemma 15.11 D 

We continue with the estimating the modulation parameters. To this end, we define the 
vector- valued function 

(5.26) Mod(i) := (^fe, + ^6^, 7„ y + 6, y - w, V, + bv 

We have the following result. 

Lemma 5.2. Fort G [to,ti], we have the bound 

|Mod(t)| < a2 + 6'* + v^ + vV^ + V^\\e\\L-2 + \\e\\l2 + ||£||?,i/2. 
Furthermore, we have the improved bound 

Xs 



X 



< b'' + v'V +V'\\e\\L2 + \\£\\i, + Wer^,,,. 



Proof. We divide the proof into the following steps, where we also make use of the estimates 
(|C.ip - (jC.5[) . which are shown in Lemma FC. II in the Appendix below. 

Step 1: Law for b. We project the equations ()5.14p and (J5.15I) onto — A0h and AS^, 
respectively. Adding this and using (IC.ip yields after some calculation (using also the 
condition (|5.6p ): 

b, + ife^^ ((L_5i, S,) + 0{V^)) + (y - ^) 0{V) 

= 5R(e,Qp) + (i?2(e),AI]p) + (i?i(£),Aep) 
- (3(*p), AOp) + (3?(*p), AEp) 
+ 0((7'2 + |Mod(t)|)(||e|U.+7'2)). 

Here we also used that (a„S, AG) - (a„e, AE) = (Gi, AQ) + 0{V^) = 0{V^), since d = 
— LI^VQ is odd and KQ is even, and hence (Gi, AQ) — 0. Next, we recall from Proposition 
4.11 the universal constants 

ei = \{L^Si,Si) > 0, pi= 2(L_Gi, Gi) > 0. 
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Now by using that 

23fi(e, Qv) = - f |ep +(f \u\^ " / Q") + ^(^' + "' + "^')' 
we deduce that 

= -11 kl' + (^2(e), AEb) + (i?i(£), AGb) 
O ((7'2 + |Mod(t)|)(||£|U. +7'2) + |||u||i. - \\Q\\h\+b^ + v^ + vr') . 

Step 2: Law for A. By projecting (|5.14l) and (|5.15p onto —dbQ-p and db'S-p respectively, 
we obtain from adding and using (|5.7I) that 

y + &") (2ei + ©(T'^)) + {v^ + hv)0{V) = +(i?2(£),5,Sfc) + (i?i(e), 966,) 

+ O {{V^ + |Mod(t)|)(||£|U2 + V^) +b^ + v^V) . 

Heiewe ahousedthat {eb,dbeb) + {^b,db^b) = b{Si,Si) + 2b{Q,T2) + v{F2,Q) + 0{V'^) ^ 
0{V^), since (5*1, S*!) + 2(r2, Q) = and (Fa, Q) = because is Fa is odd. Note also here 
that 

-(vs, dbO) + (ve, db^) = ~(vg, ^i) + oiv^) = oiv^), 

because VQ is odd and 5*1 is even. 

Step 3: Law for 7. Now, we project (I5.14p and (jS.lSp onto — pa and pi, respectively. 
Adding this gives us 

7.((Q,pi) + OiV')) ^-(^bs + \b^^ ((^1, pi) + 0{V')) + (y + ^) OCP) 

{R2{e),db^v) + {Ri{e),dbQv) 

+ O {{V^ + |Mod(i)|)||£||L2 + 6^ + „2p^ ^ 

Note here also that (9t,9, pi) = (Gi, pi) = since Gi is odd and pi = L'^^Si is even. Note 
also that (Q,pi) = (i_S'i,5i) = 2ei, which follows from L+AQ = —Q and the definition 
of pi. 

Step 4: Law for v. We project (|5.f4p and (j5.15p onto — VBp and VS-p, respectively. 
This gives us 

{vs + bv) {-p,+0{V^)) + (b, + hA 0{V) - (i?2(e), VSp) + (i?i(e), VOp) 

+ O {{V^ + |Mod(t)|)||e|U2 +b^ + v^V) . 

Step 5: Law for a. Finally, if we project (|5.14p and (|5.15p onto —dyQ-p and dyYj-p^ 
respectively. This yields 

(b, + hA o{v) + (y -«) {pi + o{v^)) - (i?2(£),a„Ep) + (i?i(£),9„ep) 

+ O {{V^ + |Mod(t)|)||e||i2 +b^ + v^+ vV^) . 

Note here (-AS, d^Q) + (Ae, d^Y) = (AQ, Gi) + 0{V^) = 0{V^) holds, since AQ is even 
and Gi is odd. 

Step 6: Conclusion. We collect the previous equations and estimate the nonlinear 
terms in e by Sobolev inequalities. This gives us 

{A + B)Mod(t) = O {(V^ + |Mod(t)|)||e|U2 + ||e||2, + \\e\\l^^,+ 

+ \Mh-\\Q\\h\+b^ + v' + vr'). 
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Here A = 0{1) is in invertible 5 x 5-matrix, whereas B = 0{V) is some 5 x 5-matrix that 
is polynomial in 7^ = (6, v). For \'P\ <^ 1, we can thus invert A + B hy Taylor expansion 
and derive the estimate for Mod(t) stated in Lemma [5.21 (Note also that we assumed the 
bound ([53]) .) 

Finally, we deduce the improved bound for | ^ + 6| , by recalling the estimate derived in 
Step 2 above. D 



6. Refined Energy Bounds 

In this section, we establish a refined energy-viral type estimate, which will be a key 
ingredient in the compactness argument to construct minimal mass blowup solutions. 

Let u = u{t,x) be a solution to (11.11) on the time interval [iojO) and suppose that w is 
an approximate solution to (jl.ip such that 

(6.1) idtw ^ Dw -\- ]%!}] w = ip, 
with the a-priori bounds 

(6.2) \\w\\l-<1. \\d'^w\\l2<\---, \\Dw\\l^<\-\ 
We decompose u = w + u and hence it satisfies 

(6.3) idtu- Du+{\u\^u-\w\'^w)=-il}, 
where we assume the a-priori bounds 

(6.4) \\D^-+'u\\l-<1, \\D-^u\\l-<\^, II^I|l^<A, 
with some fixed e € (0, |), as well as 

(6.5) \Xt + h\<\^, b^xK \bt\<l, \at\<X. 

Next, let : K. — > M be a smooth and even function with the following properties 

tR R\ A'^ \ f ^ for s$ a; s^ 1, 

(^■6) '^(^) = |3-e-N forx^2, 

and the convexity condition 

(6.7) (t)"{x) ^0 for x ^ 0. 
Furthermore, we denote 

F{u)^^\u\\ f{u)^\u\^u, F'{u)-h^3i{f{u)h). 

Let ^ > be a large constant (to be chosen later) and define the quantity 

(6.8) 3Aiu) := i y \dH\^ + ljh^-j [F{w + u) - F{w) - F'iw) ■ u] 

Our strategy will be to use the preceding functional to bootstrap control over |ju|| i , see 

Lemma |7. 11 and then to invoke a separate argument to improve control over ||i52+^y||^2. 
In the following lemma, control over the latter norm will help us bound certain error terms. 



Since <t}{x) is even, it clearly suffices to consider non-negative x ^ 0. 
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Lemma 6.1 (Localized energy/virial estimate). Let 3a be as above. Then we have 

w'^1^] " 3? ( / wt{2\u'^\'w + u'^w) 



d3A _ lev 
dt X'^ 



1 b '•+°° 



+ 00 



^A 



iVw,! dxds 



8 A2A3 ./,_, 



s=0 



Vs A 



a; — a 
AA 

,~, |2„,, I ~2- 



\u,\ dxds 



b^[ I AV(t) [ ^— ^ ) {2\u{^w + u^w) ■ Vw 



+i 






+ O ( AllVlli. + A-i|hl||i. + log^ (2 + 11^11^1,,) \\u\\],,,.) 



Here we denote u, := 



with s > 0. 



TT -A + S 

Proof of Lemma \6.1\ We divide the proof into two main steps as follows. 

Step 1: Estimating the energy part. Using (j6.3p . a computation shows that 

= 5R (^a,u, i?u + i^ - if{u) - f{w))^ -^J \uf 

- ^ {dtw, {fiu + w)~f{w)~r{w)-u)) 
= -3 U, {Du +ju^ ifiu) - f{u)))\ - jQ {f{u) - f{u),^) 

~ 2^ / '"'' " ^ {dtwj{u + w)-f{w)-r{w)-n)) 



-3 "0, Du + -ru — {2\w'^\u — uw"^) ] ^ -r u^w 
^ ^ I \u\^ - n (dtW, {wu^ + 2ii;|{*|2)) 

tp - T-u, {f{w + u) - f{w) - f'{w) -u)] -^ (dtw, u|u|2 
where we denote f'{w) ■ u — 2\w\'^u + w^u. From (j6.5p we obtain that 



At 



(6.10) 

Next, we estimate 

(6.11) 



#/l^l^-2A^-2A^(^*-^^)ll^ll- 



^/f..(ll<. 



5 ( f/' - vw, {f{w + u) - J{w) - f'{w) ■ u) 



< 



< 



< 



{yj\\L2 + X-^\\u\\L2)\\u\\le{\\w\\Le + Ml^) 
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2/3 II .||l/3 . 



using the interpolation estimate ||/||l6 ^ 11/11 rri/2ll/llL2 i^ ^ together with the assumed 
a-priori bounds (J6.2I) and (j6.4p . For the cubic terms hitting dtw, we use the equation for 
w and the bounds (16.21) and (16.41). This leads us to 



(6.12) 



dtwlul'^u 



< 



< 



w\ 



1 



H3/4| 



u\ u||^i/4 + ||w|lL6|l^i|lL6 + II^IIlHI"! 



L--,l|3 

L6 



;^3/4ll"'llL2 



li 



U|iy2^l|w||^^i% + t\\u\\l4^%i/2 + M\l4u\\%i/2\\u\\l^ 



<\\m.,2+xMh. 



Here we used the bound 

III/IVII,,V4 < \\\f\'\\L4Dif\\L^ < WfWhWD^fh^ < WfWU'Wffjil., 

which follows from Sobolev embedding, the interpolation estimate ||/||l** ^ Il/lli2 ||/|| riiM 
in M, and the fractional chain rule ||L»"i^(M)||p < \\F'{u)\\p,\\D''u\\p^ for any F G C^{C) 
with < s ^ 1 and 1 < p, ni , po < oo such that - — — + —. 

^ P Pi P2 

We now insert (|6.10p . (|6.1ip and (|6.12p into (16. 9p . Combined with the assumed a priori 
bounds on u, we conclude 



d ri 

1 

+ 3 



^ 



\D2u\^ 



W V? 



SR 



[F(u; + u)~ F{w) - i^'(w) • u] 

b 
2A 



u'4(2|m2|u; -(- u'^w] 



i; 



A 



+o{\u\\i.+\-'\\u\\i. + \\ur^,,.) 



Step 2: Estimating the localized virial part. We set 



(6.13) 

Then we obtain 
1 d 



2dt 



63 



(6.14) 



Using the bounds (|6.5p . we estimate 



V(/)(i,a;) :=6AV0 



AV0(-|^).V^S 



= ^s(/'(5tV^)-V^+i3 



(6.15) 



9tV0 



< 16* 



AA 



V<^ • {{\7dtu)u + \7ud, 



'tu 



j\at\<l + ji\b\ + \\t + b\ + \at\)<l, 



(6.16) 

Hence, by Lemma TF. 11 we deduce that 

(6.17) 



dtAcP 



< A-i. 



Q / (dtVcp) ■ Vuu 



< 



Ml.r2+>^-'Ml^- 



Now, we turn to the second term in (|6.14p containing the time derivative of u. To handle 
this term, it is expedient to write this using commutators [A, B] = AB — BA. Moreover, 
it is convenient to adapt the notation 



(6.18) 



P 



-iV^ 



in the following and hence D = \p\. Using 
calculation yields that 



and that £> = _D* is self-adjoint, a 
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(6.19) ^^ ( / ^"^ • {i'^9tu)u + \7udtu) \ = -^R 



— i|p|, V^ ■ p + p- V(^ 



63ff( / {\u\^u-\wYw)AV4> 



• Vu 



hR / iljV(t) 



A\ 



.v«)-i^5j(/M0(: 



A\ 



Next, we rewrite the comniutator by using some identities from functional calculus. Here, 
we recall the known formula 



(6.20) 



r-P 



sinlTT/: 



./3-1. 



X 



X + s 



■ ds. 



for a; > and < /3 < 1. Using this formula and the spectral theorem applied to the 
self-adjoint operator p^, we readily obtain the commutator formula 



(6.21) 



„ ,„ „, sin(7ra/2) f+^ c 1 , , , 1 
[\pr,B]= ^ ' ' s^^^[p\B]-^ ds, 



p^ + s' 



' p^ + s 



for any < a < 2 and any (possibly unbounded) self-adjoint operator B whose domain 
contains (S(M). In particular, we deduce that 



3.22) 



\p\,V4>-p + p-V^ 



1 Z""" ^ 1 



p^ + s 



p , V(/) ■ p + p ■ V(/) 



p'^ + s 



ds. 



Next, we recall the known formula 



(6.23) 



p , V0 ■ p + p ■ V(/i 



= -4ip • A(j)p + iA (j), 



for any smooth function (j) on M. We now define the auxiliary function 

^ 1 



3.24) 



Us{t,x) 



-u(t, x), for s > 0. 



-K -A + s 
Hence, by construction, we have that Us solves the elliptic equation 

(6.25) 



AUs + SUg ~ \l —u. 
TT 



Note that the integral kernel for the resolvent (— A-l-s) ^ va d=\ dimension is explicitly 
given by — Le~^'^~^' . Hence, as an aside, we remark that we have the convolution formula 



(6.26) 



Us{t,x) 



12-KS 



,-^fs\x-y\~ 



u{t,y)dy. 



Recalling that W4>{t,x) — 6AV(/)(^^) and using that (p^ + s) ^ is self-adjoint and the 
definition of Us above as well as Fubini's theorem, we conclude that 



3.27) 
1, 



R u 



-i\p\,S/(f) -p + p- V0 



b /■+°° f fx-a 



1 b 



8 A2A3 ./..o 



+ 00 



A^ 



X — a 
AX 



\uJ dxds. 
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Next, we estimate the terms in (j6.19p that are cubic and higher order in u. Using the 
fractional Leibniz rule as weh as the bounds (I6.4p . (J6.5I) . (|6.2p . we find that 



(6.28) 



< Il77l|2 



'H2 






bn { AW(p { ^—^ ] (2|u|^w + u^w + \u\'^u) ■ Vu 



ii</-*fe"'-^- '-'-'-"-- 



{2\u\'^w + ii'^w + \u\'^u)u 



|w||l~(||m||l~ + I|w||l~) + ||w||^i ||v</>||l~iiu 



,-, 1 1 2 
L = 



w\ 



'H2 



+ I|m||^i l|V(/.||^i \\u\\U{\\u\\l^ + \\w\\l^) + \-nMUML^ + Mh) 
< o(iog^(2 + 11^*11^1/0 \\n\\j,,,,) + x-H^--'ml,Ju\\h + MluMlh) 



< 



Oi\og^2+\\u\\-^\,,)\\u\\l,,,), 



where we have again exploited Lemma ID. II as well as the assumed a priori bounds on 
||m|| i , . Moreover, we also used the fact that, by Lemma fP. II and by the bounds (16.2p and 

H 2 



((63t . we have |iw||iji/2||V(/)||Loo||u;|jioo < A^ • 5- A~5 |logA| < A^ |logA| < 1. Furthermore 
note that |lV0||jji/2 < 1 holds, which can be easily checked by calculation. 

Next, we consider the terms in (I6.19P that are quadratic in u. Integrating by parts, we 
obtain 



(6.29) 
(6.30) 



b^ 



tpAVcj) { ^-— ^ 1 • Vu 



1 b 
2A 



^ 



ipA(j) 



AX 



.,,„,, a; — q:\„, .6.,/a; — a,, 



Moreover, an integration by parts yields that 

' X — a 



(6.31) 



b?fi 



AV0 



2A 



A0 



AX 

X — a 



AW<I> 



AX 
X — a 
AX 



(2|u;p{i + uP'u)u 



(2|u| w + ii'^w) ■ Vw 



Note that A(/) is not present on right-hand side of the previous equation and that the 
quadratic term is different from those appearing on the left-hand side. 

Finally, we insert ((051) . (105)) and (IOT|) into (IgJ^l) . This yields together with (|5:?7)) 
and another integration by parts the following equation 



1, 



3 ( / V^ • {{ydtu)u + ^udtu) 



^ IT ^'L ^* (:&) I'-i^ '■'" - \^' C ^i 



AX 



\uJ dxds 



b^ 



A\/<j) 



+ O(log^(: 



ibAWcj) 



AX 
X ^ a 
AX 



(2\u\'^w + u^w) ■ Vw 



b . /x — a , 



"11^1/2) ll"ll^ 



Lffi/2y , 
where Ug is defined in (|6.24D . This completes the proof of Lemma 16.11 



n 
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7. Backwards Propagation of Smallness 

We now apply the energy estimate of the previous section in order to estabhsh a bootstrap 
argument, which wiU be needed in the construction of minimal mass blowup solutions. Let 
u — u{t,x) be an even solution to (|l.ip defined in [to,0). Assume that io < ^i < and 
suppose that u admits on [toj^i] a geometrical decomposition of the form 



(7.1) 



1 



^(t^-)-jr^^[Qnt)+e][t^ ;,(,) 



x-a{ty\ ,^(,) 



where e = ei+ie2 satisfies the orthogonality conditions (|5.6l) - (|5.10p and 6^ 
1 holds. We set 

(7.2) 






Suppose that the energy satisfies Eq — E{u) > and define the constant 



li/l/2 



< 



(7.3) 



Cn = 



Eo' 



with the universal constant ei — i(L_S'i, 5*1) > 0. Moreover, let Po = P{uo) be the linear 
momentum and define the constant 

Po 



(7.4) 



Do 



Pi 



with the universal constant pi — 2(L_Gi, Gi) > 0. 

We claim that the following backwards propagation estimate holds. 

Lemma 7.1 (Backwards propagation of smallness). Assume that, for some ti < suf 
ciently close to and some e G (0, |;) fixed, we have the bounds 

\Mh~\\Q\\h\<X'ih), 



\\D'^Hti)\\h + ^^^ < A(ti), P^+^S(ii)||i. < A^-2-(ti) 



A(ti) 



A(ii)-7^ 



<XHh), 



b{ti 



Ai(<i) Co 



< 



A(ti), 



viti 



A(ti) 



-Dr 



< 



A(ti). 



Then there exists a time to < ii depending only on Co and Dq such that Vi G [to, ti] it holds 



\u{t)\\ 



Hh)\\ 



WD'^Hml. + ^^ < \\D'^uit,)\\l. + ^J^ + A^(t), 



\\Di+^u{t)\\h<X^-'^t), 



m 



ACl 



<xHt), 



m 



XHt) Co 



< 



A(t), 



A(t) 



Do 



< 



X{t). 



Proof. By assumption, we have u € C°([io, ti]; 7J-'^/^+^(M)). Hence, by this continuity and 
the continuity of the functions {X(t),b{t),a{t),v{t)}, there exists a time ip < ti such that 
Vt G [io,ti] we have the bounds 



(7.5) 
(7.6) 

(7.7) 
(7.8) 



\\u\\L2^KX{t), \\u{t)\\m/2 ^KXHt), 



\um^^^^^KX-^-^t), 



m 



ACl 



^KXHt), 

«(i) 

m 



m 



-Dr 



A5(t) Co 

s; KX{t), 



^ KX{t), 



with some constant K > Q. We now claim that the bounds stated in Lemma [7.11 hold on 
[iQ,ii] and hence improving (|7.5p - (|7.8p on [icii] for io = to(C'o) < ti small enough but 



26 



JOACHIM KRIEGER, ENNO LENZMANN, AND PIERRE RAPHAEL 



independent of ti. Here we first improve the bounds (|7.5|) . (|7.7I) and (|7.8I) . and we defer 
the improvement of the technical bound (|7.6p to the appendix. We divide the proof into 
the foUowing steps. 

Step 1: Bounds on energy and L^-norm. We set 



(7.9) 

Let 3a be given by 
coercivity estimate 



w{t,x) — Q{t,x) 



1 



-Qn.) I "—^\ e-(*) 



Applying Lemma 16. 1[ we claim that we obtain the following 



(7.10) 



^ ^ ^ I l^p + o (log^ (2 + ll^ll^l,,) lliill^,,, + K'xi 



For the moment, let us assume that we have already proven that (|7.10p holds. By Sobolev 
embedding and the smallness of £, we deduce the upper bound 

1, 



(7.11) 



\3a\<\\D-^u'^ 



L2 



A 



\u\\h. 



Note here that, by Lemma [F. 11 we have the bound 

' X — a 



(7.12) 



^ 



A\/<t) 



AX 



Vuu 



< llD^uiia 



L2 



i^ 



u\\h, 



Furthermore, due to the proximity of Q-p to Q, we conclude the lower bound 

1 /".^l^.o 1 



(7.13) 



3a 



iD-^ul 



A 



{F{w + m) - F{w) - F'{w) ■ u) 



+ 2^ 



AWcl) { ^^--^ I • Wuu 



= ^ [(L+ei,ei) + (L_e2,£2) + o{\\e\\l,,.)] ^ ^ [||e||^,/. - {e^,Qf] , 

using the orthogonality conditions satisfied by e and the coercivity estimate for the lin- 
earized operator L = (L+, i-). On the other hand, using the conservation of the L^-mass 
and applying Lemma 15.11 (and in particular (|5.20p ) we combine the assumed bounds to 
conclude that 



(7.14) 

This implies 

(7.15) 

Next, we define 

(7.16) 



is,Qb)\<\\e\\h + X'{t) 



\Q\' 



< 



£7,2 



K'X^t). 



{ei,Qf<o{\\e\\h) + K^X\t) 

X{t) := wD^^mwl^ + 



\mv 



L2 



Xit) 



By integrating (I7.10p in time and using (17.111) . (|7.13p and (|7.15p . we find 

X(t) < X{h) + K^X^{t) + r (log^ (2 + \\u\\-^\,,) ||S(r)||^,/. + K'X'''^{t)) dr 



< X{h) + K^X\t) + f ' log^ (2 + X(t)-^) X{t) 



dr, 



for t e [toi^i] with some to = to(C'o) < ^i close enough to ti < 0. By Gronwall's inequality, 
we deduce the desired bound for X(t). In particular, we obtain 



(7.17) 



X{t) = \\D^uit)\\l,+ 



J^^<A(i), yte[to,hi 



which closes the bootstrap for (17.51) . 
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Step 2: Controlling the law for the parameters. From Lemma \E^ and using (I7.7P 
and (17.171) . we deduce 



(7.18) 



-b' 



^- 



<A^ 



As a direct 


consequence of this bound, we 


observe that 








(7.19) 






iil- 


bs + kb' 


b 
2\h 


(K 


-) 


< 


Ai 


" A^ 


Hence, 


for 


any s 


< si, we have 


















(7.20) 



Note that we used here that X{t) ^ r by ([77 
the assumed initial bound for b/X^{t) — I/Cq 



calculations in the proof of Lemma 15.11 and recalling that b^ 
(fTSj) and ||£||^i/2 < A^ by (|7T7)) and scaling, we deduce 



and the relation dt = X^^ds, as well as 
at time t = ti. Next, by following the 
v\ ^ X thanks to (17.71) and 



(7.21) 



5^61 := XEo 



j\u\^- JQ^^+0{X\ 



where ei = ^(L_S'i,5i) > is a universal constant. Since / |up ~ / Q^ = 0{X^) and 
recalling the definition of Co > above, we deduce that 



(7.22) 



1 



y-^-(— --)(— + - )=<^W- 



1 

Co 



^\ f b 
-"0 \A^ Co/ VA5 

Furthermore, from (j7.20p we see that ^-^ > 1. Hence, we obtain the desired bound 

b 

aI 



(7.23) 

We conclude using ((TJl) . (TTTS)) : 



1 



< A. 



-At=6 + 0(A2) = 



A£ 
Co 






Dividing by A^ ^ |i|, integrating in [t,ii] and using the boundary value at ti ensures: 



^'<"-5ft 



< 



■^'<")-^ 



o(t3) < e 



and the desired bound for A follows. 

Next, we improve the bound (|7.8p . In fact, by following the calculations in the proof of 



Lemma IS.ll for the linear momentum P{uq) and recalling that b^ 



vpi = XPo+0{X''), 



X thanks to (fTT)) 



and (|7.8p . we deduce 
(7.24) 



with the universal constant pi = 2(L_Gi,Gi) > 0. Here we also used that ||£||^i/2 S A^ 
by (|7.17p and by scaling. Recalling the definition of Do ~ Pa/pi, we thus obtain 



(7.25) 






Dc 



< 



X{t). 



This completes the proof of Step 2, assuming that the coercivity estimate (j7.10p holds true. 

Step 3: Proof of the coercivity estimate (|7.10p . Recall that it; = Q is given in 
(j7.9p . Let /Cyi({t) denote the terms quadratic in u on the right-hand side in the equation in 
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Lemma [6. 1[ i.e., we put 

1. 



ICa{u) := --3 f / w^u^ j-^i I wti2\u'^\w + u'^w) 



1 b 



4^2A3./^^„ 



+00 



Ts A' 



X — a 



AX 

,--,|2„,, I ~2 



its I dx ds 



b^[ I AV(f> [ ^— ^ ) {2\u\''w + u'w) ■ Vw 



Recall that the function Us — Usit,x) with the parameter s > was defined in Lemma |6. II 
to be Us = V f -A+s ^- Recalling that u(t,x) = X^^^^e{t,\^^x), we now claim that the 
following estimate holds: 

c 



(7.26) 



/Ca(w) ^ 



A3/2 



0(if 4a5/2) 



with some universal constant c > 0. 

Indeed, from Lemma r5.2l and estimate (j7.5p we obtain that 

|Mod(i)| <K^X^{t). 



(7.27) 

Using this estimate, we find that w — Q satisfies 



Ai/2 



— -AQ-p + i^tQb + h—rrr- + "t^^ r ■ ^Qv 

X do ov X 






recalling also that % = 7^ — f and ^ = A ^ . Note that we also used the uniform bounds 
ll^bQpllLoo < 1, II^uQpIIl"" ^ 1 and the facts that \bt\ < AT, |wt| < K , which can be seen 
from (|7:?7)) . (jTTl) and dZH). Hence, 



-3? ( / 9tQ(2|u|2Q + u2Q) j ^ ^cj ( / Q(2|u|2Q + u^Q) 1 - ^3? ( / (2|u2q + u'^Q)Q 



-b^ 



^ (2|u|2Q + u2g).vQJ 



+ OiKX-'\\e\\l.). 
Note here that, in order to deduce the bound on the error term, we used that 

K. 



0{KX-^^^)\ufQ 



<:^\\e\\l.=0{KX-'\\s\\h), 



thanks to the bound ||(5liL°° ^ A^^/^ ^nd the scaling relation u{t,x) — X^^^'^e{t, X^^{x — 
a)). Going back to the definition of ICa{u) and expressing everything in terms of e{t, x) = 
X^^^u{t, Xx + a), we conclude that 

- ' '■'' " + I \e\ 



2^^2^ 
2) 



1Ca{u) - ^ I^J VsJAq^ [j) iVe.p dxds 

- \ii\Qvf + 2S')£? + 4Eeei£2 + (IQpP + 2e2)e; 

+ 2n(f (v4V(/. (^) - x) (2|£|2Qp + £2g^) . yg^ 
+ 0(XA-1||£||2.). 
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Next we note that AW(l){x/A) — a; = for |a;| ^ A and we estimate 
[AWcf, (^) - x) {2\e\^Qv + e^Q^) ■ VQ^ 



< 



\\{A+\x\)Qv\\L^{{\x\^A})\\'^Qv\\L^\\e\\l2 



< 



A- 



l + |a;|2 



£ r.2 



L°°({|x|^A}) 



2 < ±1 



e\\h, 



where we used the uniform decay estimate |(3-p(a;)| < (a;) ^ and the bound ||V(5-p||l° 
IIQ'pll-ff^ < 1. Furthermore, thanks to Lemma lB.3[ we have 



< 



(7.28) 



1 



+00 



A^ 



le.l dx ds 



RecaUing the definitions of L+.a and L^,a in (jB.ll) and (jB.2[) . we deduce that 



1 



S^ll* 



^a(u) - ^ { (i+,Aei,ei) + (i-,A£2,£2) + ^ (^ / Is| 



1 



A3/2 



0{K\^'^\\e\\l.) 



Next, we recall that b ^ Aa due to (|7.7p . Hence, by Proposition IB . II and choosing A> Q 
sufficiently large, we deduce from previous estimates that 

1 



(7.29) 



JCa{u) 



rl^ > 



{ei,Qy 



> 



l^J\s\^ + 0{KX^/'), 



where the last step follows from (J7.f5l) . This completes the proof of (|7.26p and Step 3. 

Step 4: Controlling the remainder terms in -^f^A- We now control the terms that 
appear in Lemma l6. II and contain ip. Here we recall that w — Q and (|6.3p . which yields 
1 



^ 



A* 



i ( 6, + hA dbQv ~ M y + ^ ) ^Q-p + Hvs + bv) dyQj 



-i\ — -v]- VQp + %Qv + ^p 



A 



o«7 



Here '^■p is the error term given in Proposition 14.11 In fact, by the estimates for Q-p and 
^p from Proposition 14. II and recalling (|7.27p . we deduce the rough pointwise bounds 

-2 



(7.30) 

Hence 
(7.31) 



[^^^(x)! < — 



1 



\i+k 



A 



K^X^, for fc == 0, 1. 



\\\'^^P\\L2<K^\^-K, forfc==0,l. 
In particular, we obtain the following bounds 
(7.32) All^lli. < K^X\ 



(7.33) 



., .„ , I x — a\ „, .&.,/a; — a,, 
^MV^(-^ .VV. + ^^A0 -^)^ 



<X^\\S/^j\\L2\\n\\L2+X ^\\ij\\L2\\u\\L2 



<K^X^\\e\\r2 <o 



LL2 



AS 



if^AS. 



Similar as in [RSz] , the rough bound (I7.30p is not sufficient to control the remaining terms 
with ip in Lemma 16.11 In fact, we have to exploit a further cancellation as follows. Write 
-0 = -01 +V'2 with V'2 = 0(7'|Mod| +b^) =C)(At), i.e., we denote 
1 



V'l 



AS 



hA Si-i(^+b]AQ-ivs + bv) Gi 



-i{^-v) -VQ + jsQ 



A 
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Let us first deal with the estimating the contributions coming from -02. Indeed, since 
|6p + |w| ~ A we note that V-'2 = C'(A^) satisfies the pointwise bound 



(7.34) 

Hence 

(7.35) 



|vV2(x)| 



< 



1 



\-k 



K^X^, forfc = 0,l. 



|lV'=V2|U^<if'A^-^ forfc = 0,l. 
Therefore, we obtain similarly as above 



^ 



^Di,2-^ + {2\w\'i'2-w'lP2) 



< {\\vMl- + a-^||V2||l^ + ||V^2||L~||^||i4) Ikll 



L2 



<if^A^||£| 



L2 ^ O 



L2 



A^ 



K^X^, 



which is acceptable. We finally use the fact that -01 belongs to the generalized null space 
of L = (L+,L_) and hence an extra factor of 0(1^) is gained using the orthogonality 
conditions obeyed by £ = ei + i£2- Indeed, we find the following bound 



^ 



< 



-7^01 



A 



+ (2|u;|^0i-«^'0i) 



^^^ [\{e,,L^S^)\ + |(£2,L-Gi)| + |(£2,L_Q)| +0(7'|l£|U.)] 



A2 

1 

A2 



<K^X^\\e\ 



+ b 



L2 



|(£i,i+AQ)| + 
K^X\\e\\L2+Xi 



1 



A 



|(ei,L+Vg)| 



A2 



2\2 



KX2\\e\\L2+K'X 



< 



At 



K^X^. 



which is an acceptable bound. Here we used (17.271) once again and |7^| < A2, as well as 
(£2, L-5i) = (£2, AQ) = 0{V\\e\\L2) and (£2, L-d) = -(£2, VQ) = 0(7'||£||l2), thanks to 
the orthogonality conditions for e. Moreover, we used that L+WQ = and L^AQ ~ —Q 
together with improved bound in Lemma 15.21 combined with the fact that |(£i,(3)| ^ 
^^W^Wl^ + K^X^, which follows from ||£||l2 ^ A and the conversation of L^-mass leading 
to bound (|7.15p above. 

Finally, we recall (17.26^ and we insert all the derived estimates for the terms involving 
ip in Lemma [nH] and we conclude that the coercivity property (|7.10p holds. 

Step 5: Bounds on \\D2+^u[t)\\]^2. This step is detailed in Appendix lEl 

The proof of Lemma 1 7. II is now complete. D 



8. Existence of Minimal Mass Blowup Solutions 

With the results of the previous sections as hand, we are now ready to prove the following 
main result, which in particular yields Theorem 11.21 

Theorem 8.1. Let ^q,xo, Pq G M and Eq > be given. Then there exist a time to < and 
a solution Uc E C°([to, 0); i/2+^(R)) of (|l.ip with some < £ < ;j such that Uc blows up 
at time T — with 

E{u,)^Ea, P{uo)^Po, and \\u,\\ ^2 = \\Q\\ l^ ■ 

Furthermore, we have \\D2Uc{t)\\L2 ^ |i|^"'^ as t — > 0^, and u^ is of the form 

Xi{t) V A<=W / 
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withVc{t) = {bc{t),Vc{t)), andSc satisfies the orthogonality conditions 
the following estimates hold: 



Finally, 



\Uc\\l^ 



< A 



c, ||Mc||_H-i/2 



<A| 



Xcit) 



^(t) 



\i 



1 

C'r, 



0{Xc), -^{t) - Do = OiX,), 



7,(i) = -^ + 70 + 0(a|), ac{t) = xo + 0(a|). 



Here Co > and Dq G R are t/ie constants defined in (j7.3p and (|7.4p , respectively. 

Proof. We use a compactness argument; see also [321 [^Sl |3D] for such compactness tech- 
niques. 

Let tn — > 0^ be a sequence of negative times and let u„ be the solution to (|l.ip with 
initial data at i = i„ given by 



^.1) 



^n t^^n? *^J 



A^ i„ V A„(t„) 



where the sequences Vn{tn) = (&«(*«), w„(i„)) and {7„(i„),a„(in)} are given by 



5.2) 



Kitn)^-^^, A„(t„) = ^^, 7„(i„)=7o 7"^, 



46-2 



(8.3) 

By Lemma l4. II we have 

(8.4) 



Vnitn) 



2Co 



-, an{tn) = Xq. 



\Un{tn)Y 



o{ti), 



and u(tn) = by construction. Thus w„ satisfies the assumptions of Lemma 17.11 Hence 
we can find a backwards time to independent of n such that for all t G [to,tn) we have the 
geometric decomposition 



(8.5) 



Un(t, X) = —^ Qv-^{t) t, + Un{t, X), 

Xi{t) V Xn[t) 



with the uniform bounds (with some fixed e G (0, j)) given by 



(8.6) 
(8.7) 



i^^^n|li^ + ^|^<Af,(t), 

ll^^+'^nlli^<Ar''(i), 



bn{t) 1 



< Xn{t), 



Xnit) ~ -^ 



<Al(i), 



Vn{t) 



Xnit) 



Do 



< Xnit). 



Next, we conclude that {u„(to)}5^i converges strongly in iJ^'^(R) (after passing to a 
subsequence if necessary). Indeed, from the uniform bound ||M(io)||_f/i/2+e ^ 1 we can 
assume (after passing to a subsequence if necessary) that w„(io) ^ Uc weakly in iJ*(K) for 
any s G [0, ^ + e]. Moreover, we note the uniform bound 



(8.9) 



dt I ^«l"" 



< 



Un[XR.,iD]Ur^ 



<l|VXfl||L-||^i„||i2<-, 



with a smooth cutoff function XB.ix) — xi^/R) where xi^) = for |x| ^ 1 and xi^) = 1 
for |a;| ^ 2. Note also that we used the commutator estimate |l[xfl7 -C)]||i2^^2 < ||Vxfl||L~; 
see, e.g., [SHH]. By integrating the previous bound from ti to to and using (I8.ip - (|8.2I) . we 
derive that the sequence {un(io)}^i is tight in _L^(R). That is, for every (5 > there is 
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a radius R > such that /|^|>r |w„(io)P ^ S for all n ^ 1. Combining this fact with the 
weak convergence of {u„(to)}5^i in -ff*(R), we deduce that 

(8.10) Un{to) -^ Uc{to) strongly in H^{M.) for every s € [0, ^ + e). 
Thus, by the local wellposedness (see Appendix [Dt . we obtain that 

(8.11) Unit) -^ Uc{t) strongly in H^/^{R) for t £ [io,Tc), 

where Tc > io is the life time of Uc on the right. Moreover, Uc admits for t < minlTcO} a 
geometrical decomposition of the form stated in Theorem 18.11 with 

(8.12) bn{t)^b,{t), Vn{t)^Vc{t), Xn{t)^Xc{t), Jn{t)^Jc{t), a„(i)^ac(t), 

and {bc{t), Vc{t), Ac(i)} satisfy the bounds stated in Theorem 18. II Moreover, we derive the 
bounds for ||'u„||i2 < Ac and |JMc||_ffi/2 ^ Ac • In particular, this implies that Uc{t) blows up 
at time Tc — such that \\D2Uc{t)\\^^2 ^ A^^(i) ^ \t\^^ as i — > 0^. In addition, we deduce 
from i^-mass conservation and the strong convergence that 

||uc||l2 = lim ||u„(i„)||i2 = \\Q\\l^. 



n— >+oo 



As for the energy, we notice that 



£'(u^(i)) = -^ei + o(l) -^ £;o as t^-0", 
Ac 

by the choice of Co and bn(tn) and A„(t„). By energy conservation, this implies that 

Eiuc) = Eo. 
Also, we observe that 



PMt)) 



A, 



-pi + o(l) ^- Po as i -> , 



by our choice of Dq and w„(i„) and A„(i„). By momentum conservation, this shows that 

P{uc)=Po. 
Next, we recall the rough bound 

l(7n)s| < A„. 

Therefore, using that ds/dt == A^^ and the estimates for A„, 



4C2 
dt[^-^^ 



\r, 



hn 



4C2A„ 



i2 



A. 



(7n 



4CgA„ 

t2 



< 1. 



Integrating this bound and using (j8.2p and Ac ^ i^, we find 

7n(t) + ^=7o + 0(Al), 
whence the claim for 7c follows, since we have Xc ^ t^. Finally, we recall the rough bound 

(a„), , 



A„ 



< A„. Integrating this and using the bounds for «„ and A„, we deduce that 

(an)s 






Xo, 



Xr. 



<A„ 



\Vn\ 5, A„ 



Integrating this bound and using (J8.3D . we find that 

an{t) = xo + 0{xl). 

which shows that the claim for ac(t) holds. 
The proof of Theorem 18.11 is now complete. 



n 
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Appendix A. Decay and Smoothing Estimates for L+ and L 

In this section, we collect some regularity and decay estimates concerning the linearized 
operators i_ and L^. 

Lemma A.l. Let f,gE H''{M.) for some k ^ and suppose f -L Q and g _L Q' . Then we 
have the regularity bounds 

and the decay estimates 

Proof. It suffices to prove the lemma for LZ^f, since the estimates for L^^g follow in the 
same fashion. 

To show the regularity bound, we can (by interpolation) assume that A; £ N is an integer. 
Let g = LZ f and thus 

Dg + .9 - Q^g + f. 

Note that Q e W''^°^{R) for any fc e N by Sobolev embeddings and the fact that Q e H^iM.) 
for all s ^ 0. Applying V*^ + 1 to the equation above and using Leibniz rule and Holder, 
we find that 

(A.1) ||.g|l^.,. ^ |l(V'= + l)(Dg + .g)|U. <, \\Q\\l..,^\\g\\m+\\f\\H^. 

Note in particular that ||5||l2 ~ ||LI^/||i2 < ||/||l2 holds, since L_ has a bounded inverse 
on Q-*-. Hence (jA.l[) shows that the desired regularity estimates is true for k = 0. By 
induction, we obtain the desired estimate ||il^/||/ffc+i <k WfWni' for any integer fc e N. 

To show the decay estimate, we argue as follows. Assume that ||(a;)^/||L=° < +oo, 
because otherwise there is nothing to prove. As above, let g = LZ^f and rewrite the 
equation satisfied by g in resolvent form: 

Let R{x — y)= J-^^{t^^)[x — y) denote the associated kernel of the resolvent {D + 1)""^. 

From [To] we recaU the standard fact that R G Lp(]R) for any 1 < p < oo. Since / g i^(IR), 
this implies that {R * f){x) is continuous and vanishes as \x\ — > oo. Moreover (see, e.g., 
[lOj again) we have the pointwise bound 

< R{z) < -p-f^, for |a;| ^ 1. 

Using this bound and our decay assumption on f{x), it is elementary to check that 

\{R*f){x)\<mm{l,\x\-'}. 

Using this bound, we can bootstrap the equation for g and using that Q'^{x) is continuous 
and vanishes at infinity; we refer to |12j for details on a similar decay estimate. This shows 
that \g{x)\ < {x)~'^ as desired. 

n 



Appendix B. Coercivity Estimates for the Localized Energy 

In the following, we assume that yl > is a sufficiently large constant. Let : M — > K 
be the smooth cutoff function introduced in Section [Sj For e — ei + ie2 €1 iJ^/^(M), we 
consider the quadratic forms 

(B.l) L+,Aiei):= f V^s U'^lVsi^l^ dxds + f \ei\^ - 3 f Q^\ei\^, 

(B.2) L_,^(e2):=/" V~s j 4>aW e2s? dx ds + j \e2\'' - j Q^\e2? , 
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where 4>'X{x) — (t)"{x/A). As in Lemma [6. 11 we denote 

[2 1 
(B.3) "^"V^ -A + ^ ''' ^°'''*>°- 

We start with the foUowing simple identity. 
Lemma B.l. For u £ H^/^{R), we have 



^"ll?2. 



(B.4) f y/^ f \\/us\^dxds = \\D^ 

Proof. By applying Fubini's theorem and using the Fourier transform, we find that 

which shows the claim. D 

Remark B.l. Clearly, the vroof of Lemma \B.l\ shows that 

(B.5) -/ y^ \D''us\^dxds^\\D"-^u\\l2, for u e S{M.), 

I" Js=Q J 

with any exponent a G K, provided that for a ^ we also impose that u{^) vanishes 
identically in a neighborhood around ^ = 0. 

Next, we establish a technical result, which shows that, when taking the limit A — )■ +oo, 
the quadratic form J^^^, y/s J (p'j^lWusl"^ dx ds + ||w||^2 defines a weak topology that serves 

as a useful substitute for the weak convergence in H^^^(R). The precise statement reads 
as follows. 

Lemma B.2. Let An — > +oo and suppose that {wn}^i is a sequence in H^''^{M.) such 
that 

^fs j (^A^'^{Un)s?dxds+\\Un\\l2 ^C, 

for some constant C > independent ofii ^ 1. Then, after possibly passing to a subsequence 
of {un\'^=i, we have that 

Un ^ u weakly in L^(R) and Un ^> u strongly in Lf^^{R), 

and u belongs to H^i'^iM.). Moreover, we have the bound 

\\D^u\\\2 ^ liminf / \/s I (J^'a \V {un) s\^ dx ds . 
Proof. Let C e 5(M) be a smooth cutoff function in Fourier space that satisfies 

1 for ici s; 1, 



^^^^ 1 for 1^1 ^ 2. 
For any u e iJ^/^(M), we write u ^ u^ + u^ with 

u' = C.U, u'' = (1 - C)u. 
Recall the definition (|B.3[) . we readily notice the relations 

Hence, we can use the notation u[ — (u')s and m^ — {u^)s in the following. 
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Step 1: Control of u^ . Let x G C^(M) be a smooth cutoff function such that 
For any i? > given, we set 



1 for |a;| ^ 1, 

for a; ^ 2. 



Xb{x) = X (I) 



We now claim the following control: For any i? > 0, there exist constants Cr > and 
Ao = Ao{R) > such that VA ^ Aq and Vu G i?^, we have 



s=0 



/)^|Vu^pda;ds+|lw 



li. 



Xi?" 



(B.6) J \DHxb.u'')\'<Cr 

Indeed, from definition (IB.3|) we see that 

-A(xflu''). + s(xi?M'') 

On the other hand, an elementary calculation shows that 

-AixRu':) + sxRu'^ = Xfl(-Au^ + su':) ~ 2Vxfl • Vu^ - u'^Axr 

= \llxBu'' - 2VxR ■ ^u'l - u'lAxR. 
Therefore, the function 

(B.7) ^«:=y|{(^^„'^)^_^^^^} 

satisfies the equation 

-Aw' + sw' = W I {2Vxfl • u'l + u'IAxr] . 
Hence, we deduce the bound 

j \Ww'\' + sj\w'\' < I {IVxi^llVu^l + \u1\\Axr\] \w'\ 
and, by using the Cauchy-Schwarz inequality, we conclude that 

J\Vw'?+sJ\w'\''<Cr\J 



(B.8) 



iVu 



h\2 



e|^2_R 



,h\2 



for s ^ 1, 



(B.9) /"iVi^^p + s /"|u;,|2<^| /"|Vu^P+ /"lu^pl for < s s^ 1. 

Next, we apply identity (jB.Sp while noting that u'*(^) = for |^| ^ 1. For some sufficiently 
large A > Ao{R), we thus obtain 



\Wu''fdx 



p+ca p p+oa ( p 

/ y^ hVw'l'^dxds < Cr y/:s{ 

Js=l J Js=Q {Jl^l 

- (- + 00 P 

/ y/Ts (l3'^\Vu'^\^dxds + \\D-iu 



''\^dx\ds 



< Cr 



< Cr 



L2 



yi / (l}'X\Vu'^\^dxds + 



\\u\\h 



s=0 



s / iS/w'l^dxds < Cr ^— 



s=0 



2M„-,/!.|2 



(i + mi^i 



■ d^ ds 



< Cr i' ^ f^^\u>^\^d^ds<CR\\u\\l.. 
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Using (jB.4[) and the previous bounds, we find that 

r'+oo 



\D-HxRu")\\h 



< 



< Cr 

< Cr 

This completes the proof of estimate (jB.6 



V^ \yiXRu'')s\^dxds 
/ V^ / \Vw'\^dxds+ / V^ / \V{xRiu'')s)\^dxds 

Js=0 J Js=0 J 

/ V7s U)'X\yu'^\'^dxds+\\u\\l2 + y/7s \u''\^dxds 

Js=0 J J J s=0 J 

r+ca !■ 

/ ^s U':,\Vu^,\''dxd.s+\\u\\l, 



Step 2: Conclusion. Let {u„}^2 satisfy the assumptions in Lemma [B.2I By (jB.4p . we 
have for ah A > that 

r + 00 /• /• + OO ;■ 

/ V^s U'X\Viu'„),\^dxds < / yCs hy(^ul),\^dxds^\\Diul\\l. 

Js=0 J Js=Q J 

< CWuJl^^C. 

Here we used the frequency locahzation of mJj in the last step. Thus the assumed bound in 
Lemma IB.2I ensures that 



(B.IO) 



(■+00 n 

/ V^ U';ijViu'^)s\^dxds^C. 

Js=0 J 



We therefore conclude from (|B.6p that, for all i? > 0, the {un}'^^i is a bounded sequence 
in H^/'^{Br) and i^(R). Hence, by a simple diagonal extraction argument, we can find 
u G L^(M) and we can assume by passing to a subsequence if necessary that 

u„ ^ M in L^{R) and w„ -^ u in H^/'^{Br) for aU i? > 0. 

By the compactness of the Sobolev embedding _ff^/^(R) ^^ Lf^^{M.)^ we also have that 

M„ ^- u in £fo^(M). 

It remains to show the "weak lower semicontinuity property" given by 

(B.ll) \\D^u\\\2= / Vs / iVwspdxds ^liminf / y/s H^a \V (un) s\^ dx ds 
Js=a J "■^+~7s=o J 

Indeed, we first we note that 

V(w„)s(a;) : 



-,/^\x-v\ ^-y 



Un{y)dy. 



2tt J \x-y\ 

Since u„ ^ u weakly in ^^(M) and e^^l^^^^lj^^ G L2(M) for any a; € R, we thus obtain 

I -^ y I y 

\I{un)s{x) — > Vus{x) pointwise on R for any s > 0. 

Next, by the Cauchy-Schwarz inequality, we derive the uniform pointwise bound 

C 



|V(u„).(a:)| < lie 



< IIr-^I-I| 



L^\\Un\\L^ 



< 



,1/4' 



using that ||u,i||i2 ^ C by assumption. Let < £ < 1 and B > now be given. By the 
dominated convergence theorem, we deduce that 



i/e 



s I |Vms| dxds — lim 



l/e 



V(m„)sP dxds 

/•+00 n 

^ liminf / y/s / 0^ |V(m„)sP dxds, 
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where in the last step we used Fatou's lemma and the fact that (/>^ (x) ^ satisfies 
lim„_>+oo </'a„ i^) = 1 fo^ 8'11 X e M. Since the previous bound holds for arbitrary < e < 1 
and _B > 0, we conclude that 



\D^ufr2 = 



r+oo /• p+co /• 

/ Vs / iVwspdxds ^ liniinf / \/s / (j)'^ \\7 (un) s\'^ dx ds . 

Js=0 J "^+°°Js=0 J 



The proof of Lemma [6.21 is now complete. D 

Proposition B.l. Let L^^a{£i) and L^^a{£2) be the quadratic forms defined above. Then 
there exist universal constants cq > and Aq > such that for all A ^ Aq and all 
e = El + ie2 & iJ^'^(R) we have the coercivity estimate 

(i+.^ei,ei) + (i_,Ae2,£2) > cq / |£p - -{{ei,Q)^ + (ei,5i)2 + (ei,Gi)2 + (e2,Pi)'} 

J Co 

Here Si and Gi are the unique functions such that L-Si = AQ with Si J- Q and L_Gi = 
— VQ with Gi _L Q, respectively, and the function pi is defined in (|5.13p . 

Proof. It suffices to prove the coercivity bound 

(B.12) (L_.A£2,e2)^co /|e|2--(e2,pi)', 

J Co 

since the corresponding estimate for L+.a follows by the same strategy. 

To prove (|B.12p . we argue by contradiction as follows. Suppose that there exist a se- 
quence of functions {u„}^i in H-^/^{R) with 

(B.13) /|w„|2 = l, (u„,pi)=0, 



as well as a sequence A„ — ^ -f cx) such that 

(B.14) / V~S UAjUn\^dxds+ f\Un\^- fQ^\Un\^^oil) flUnl'', 

where o(l) — ^ as n — > oo. By applying Lemma lB.2[ we find (after passing to subsequence 
if necessary) that 

(B.15) Un ^- u weakly in L'^{R) and Un —>■ u strongly in i^j^^(R). 

But since Q^{x) ^ as |a;| -^ oo, we easily check that /(3^|u„P -^ j Q^\u\^ . Moreover, 
from (IB.14P and /|u„p = 1 we deduce that J Q^\u\^ ^ 1 must hold. In particular, the 
weak limit u ^ is nontrivial. However, by the weak lower semicontinuity inequality in 
Lemma rB.2l and the fact that liminf„_j.oo J |u„p ^ J |up, we deduce that 

(B.16) (L_u,w) = /"|L>3u|2+ /"|u|2_ /"q2|^|2 ^ Q^ where (u, Pi) = 0. 

Since u ^ 0, this bound contradicts the coercivity estimate for L_ stated in Lemma IB. 41 
below. n 

We conclude this section with a bound for the error term in localized virial estimate 
needed in Sectional 



Lemma B.3. For any u e Lp'i^), we have the bound 



-f-oo 



s=0 



6)1^ I Us I dx ds 



<\\\u\\l2. 



Remark B.2. Note that a naive application of (jB.sp would formally yield the bound 
l/^'^o Vi/0(4)|u,|2| < A-2|ji:)-i/2u||2^. However, we have that \\D-^I'^u\\l2 = -foo holds 
in d = 1, unless u{^) vanishes appropriately in ^ = 0. In fact, the proof of Lemma [B. 31 
below involves some more careful analysis. 
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Proof. First, recall that 0^(x) = 0" (f ) and hence (f)'-^\x) = ^0(4) ^^y ^^^^ ^g gpjj^. 
the s-integral as follows 

(B.17) -j^ I ^ U^^') i^jj \usf dx ds =: I^A + I^A, 



^ Js=0 



where A > is some given number and we consider 

rA /• , ^ , 1 /•+00 

\us\'^dxds, /5.A = ^T7 / \/s 



1 



'^^ = i^.Lo^-^ 



0Wf^)Kpdxds, i^^^±^^^ 



,(^) (^) 



■ dx ds. 



Since ^^'^^•'(y/A) = Ay((/)'^^)(y/A)), we can integrate by parts twice and use the Holder 
inequality to deduce that 

r-A 



'<A 



<liriL = 
.A 

< / V~s 

Js=a 

r-A 



/ y/s [\\AUs\\l'A\'U-s\\l'-' + \\'^Us\\l2) ds 
Js=0 



-A 



-A + s 



L2 



-A + s 



L2 



-A + S 



ds 



L^, 



< 



ds 

J72 



ll"lli^<VA||z.||i.. 



's=o s 

To estimate /^a, we simply use the bound ||ms||l2 < s^"'^||u||^2which shows that 

'■+°° ds 

ls=A 



(B.18) |/^^|<i_||^(4)||^^(^ 

Thus, we have shown that, for arbitrary A > 0, 

(B.19) |LHS of dElTH < ( %/A 



_. sV2jn^\\h^^^\Mh- 



H\h. 



1 1 

By minimizing this bound with respect to A, we obtain the desired estimate. 



n 



We conclude this section with the following coercivity estimate for L = (L-, L+). 



Lemma B.4 (Coercivity estimate). There exists some universal constant cq > such that, 
for any e = ei + i£2 G H^''^{^), we have that 

(L+ei,£i) + (i_e2,£2) ^ co||£||^i/2 {{ei.Qf + (ei,^!)^ + {ei^df + {e2,pif] ■ 

Co 

Here Si and Gi are the unique functions such that L^Si = AQ with Si J- Q and L_Gi = 
— VQ with Gi + Q, respectively, and the function pi is defined in (|5.13p . 

Proof. From [TU] we recall the key fact that the nuUspaces of i+ and L+ are given by 

(B.20) kerL+ = spanjVQ}, keri_ = spanjQ}. 

Then, by following arguments in |44| ifor ground states for nonlinear Schrodinger equations, 
we deduce the standard coercivity estimate 

(B.21) (£+£i,ei) + (^-£2,62) ^ ci||e||^i/, - - {(£1,0+)' + (£1, VQ)' + (£2,g)'} 

Ci 

for all e = £1 + i£2 G if^/'(M), where ci > is some universal constant. Here 0+ = 
4>+{x) > with ||(/)_|_||i2 — 1 denotes the unique ground state eigenfunction of i+, and we 
have I/+0+ = e+(/>+ with some e+ < 0. (We refer to [10, for a detailed discussion of the 
spectral properties of L+ and L_.) 

To derive the coercivity estimate in Lemma IB. 41 from an estimate of the form (|B.21I) , 
we can use some arguments that, e. g., can be found in [36i in the context of NLS. For the 
reader's convenience, we provide the details of the adaptation to our case. To prove the 
desired coercivity estimate, we can that assume £ = £1 + ^£2 G H^^^(R) satisfies 

(£l,5i) = (£i,Gi) = (£2,pi)=0. 
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Define the function e = ei + ie2 G H^^^CR) by setting 

e = £ - aAQ - i/SQ - j\7Q, 
wfiere a, /?, 7 G M are cliosen sucli tfiat 

(£i,0+) = (£2,g)-(£i,vg) = o. 

Indeed, we see tliat 

(£1,0+) « (£2,Q) (ei,VQ) 



(AQ,^+)' ^ iQ,Q)' ' {VQ,VQ)' 

where we also used that (AQ,VQ) = holds, since Q is even, and (0+,VQ) — since 
V<5 G kerL_|_ and 4>+ S ranL+. Next, recall that L+<j)4^ — ejf^cjjjf. with e+ < and 
L+AQ = — Q. Hence {AQ,(f>+) — — —(Q,(j)+) > 0, by the strict positivity of Q > and 
4>+ > 0. On the other hand, the orthogonality conditions satisfied by e = £1 + ie2 imply 
that 

{ei,Si) {£2, Pi) (£i,Gi) 



(AQ,5i)' ^ {Q,p,)' ' (VQ,Gi)' 

where we also use that (A(3,Gi) — (V(5,5i) = 0, since Q and S'l are even and Gi is 
odd. Note that L^Si = AQ and hence (AQ,5i) = (L_5i,S'i) 7^ 0, and (VQ,Gi) = 
— (L_Gi,Gi) < because of L_Gi = — VQ. Furthermore, recall that i+pi = S'l and 
L+AQ = — Q. Thus {Q,pi) — —{AQ,Si) = (L_S'i,5i) > again. In summary, we find 

— ||£||hi/2 s; ||£||ffi/2 i^ K\\e\\Hi/2, 

with some universal constant K > 0. Now, since (AQ, Q) — (VQ, Q) = and L+AQ = —Q 
as well as L^'^Q = and L-Q = 0, we obtain 

{il,Q) = (£l,Q), (L+£i,£i) = (i + £i,£i) +a(£i,(3), (L_£2,£2) = (L_£2,£2). 

By the previous relations and estimate (jB.2ip . we conclude 

(L+£i,£i) + (L_£2,£2) = (L+£i,£i) + (i_£2 , £2) ^ a(£i , Q) 

^ ci||£||^i/2 -a{ei,Q) ^ co||£||^i/2 (£l,(^)^ 

Co 

with some sufficiently small universal constant cq > 0. D 

Appendix C. On the Modulation Equations 

Here we collect some results and estimates regarding the modulation theory used in 
Section [Sj 

C.l. Uniqueness of Modulation Parameters. First, we show that the parameters 
{b,v, \,a,^} are uniquely determined if £ = £i + i£2 € H^'^{R) is sufficiently small and 
satisfies the orthogonality conditions (I5.6|) ~- (l5.10p . Indeed, this follows from an implicit 
function argument, which we detail here. 

For S > 0, let Wg = {w £ H^^^{R) : \\w — Q\\jfi/2 < S}. Consider approximate blowup 
profiles Q-p with \V\ = \{b,v)\ < rj, where 77 > is a small constant. For w G Ws, Xi > 0, 
yi e R, 71 e R and IT-"! < rj, we define 

i_ 
£\i,yini.b.v{y) = e'^^^X^wiXiy - yi) - Qv- 

Consider the map a = {a^ , a'^ , a^ , a'^ , a^) defined by 

f — ((£Ai,iyi,7i,fc,-u)l, A9-p) - ((£Ai,jyi^-yi,fc^i,)2, AS-p), 

Cr = {{£\i,yi,ji,b,v)l,db'9-p) — ((£Ai,i;i,7i,fc/u)2,9fcS-p), 

f = ((£Ai,yi, 71, 6,^)1,^2) — ((EAi, 2/1,71,6,^)2, Pi), 

f = ((£Ai,i/i,7i,h,t;)l, V6-p) — ((£Ai,j;i,7i,fc,i;)2, VS-p), 

f"' = ((£Ai,i/i,7i,fc,i;)l, 5^0p) ~ {{£\i,yi,ji,b,v)2,dvl^'p). 



1 


da' 

dv 


= 0, 


; 


dv 


= 0, 


7 


dv 


= 0, 


(L 


-Gi, 


Gi), 
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Recall that p = pi+ip2 was defined in (|5.13p . Taking the partial derivatives at (Ai, 2/1,71, b, v) 
(1,0,0,0,0) yields that 

^l' = Aw, T = -Vw, T ' = ^w, 

dXi dyi dji 

-^ -CbC^pj^^^^p^ - -ibi, — ~OvQv\t,^(q^q) - "*'^i' 

where we recall that L^Si = KQ and _L_Gi = — VQ. Note that Si is an even function, 
whereas Gi is odd. At (Ai,yi,7i,6, «,!<;) = (1,0, 0,0, 0,Q), the Jacobian of the map a is 
hence given by 

1^ = 0, 1^=0, 1^ = 0, ^^-(5i,L_^i), 
aAi dyi dji do 

— --(L_^i,5i), — -0, — -0, — -0 

da^ dc7^ da^ da^ 

dX-r'' 9^='' dTi^'^^'''^'^^' 

— -() —-() —-()—-() ^-_ 
9Ai ' dyi ' 971 ' db ' dv 

^=0, |^ = (X_Gi,Gi), 1^=0, ^^0, ^^0. 
oAi dyi 071 do dv 

Note that we also used here that Q and Si are even functions, whereas Gi is odd; e. g., we 
have {Q, Gi) = etc. Moreover, we note 

-(Q, pi) = {L+KQ, pi) = -(AQ, L+pi) = -(AQ, 5i) = -(L-5i, ^i). 

Therefore and since (L_5i, 5*1) > and (i_Gi, Gi) > 0, the determinant of the functional 
matrix is non zero. By the implicit function theorem, we obtain existence and uniqueness 
for (Ai,2/i,7i, 6, u, It;) in some neighborhood around (1,0,0,0,0,(5). 

C.2. Estimates for the Modulation Equations. To conclude this section, we collect 
some estimates needed in the discussion of the modulation equations in Section [5j 

Lemma C.l. The following estimate hold. 

(C.l) (M_(e) - bAei+v-Vei,Aev) + {M+{e)+bAe2 - v ■ Vei,AEp) 

= -n{e,Qv)+0{V^e\\L2), 
(C.2) {M-{e) - bAei + v ■ Wei,dbev) + {M+{e) + bAe^ - v ■ We2,dbT.v) 

(C.3) (M_(e) - feAei + v ■ Vei, pi) + {M+{e) + bAe2 - v ■ Ves, Pi) 

(C.4) (A-f_(e) - 6A£i + v ■ Vei, VOp) + (Af+(e) + bAe2 - v ■ Ves, VEp) 

= OiV'\\eh.), 
(C.5) (M-(e) - 6A£i + v ■ Vei,5^ep) + (M+ie) + bAe2 - v ■ Vea, 5„Sp) 

= 0{V'\\sh.), 
Proof. First, we recall that 

M+{e) = L+si - 2Epepe2 + 0{V'^e), 
M_(e) = L_e2 - 2T,vevei + 0{r^e). 
We divide the proof of (|C.ip - (|C.5|) as follows. 

Proof of estimate (jCip . Furthermore, we notice the identity 
(C.6) L_AS'i = -5i+2(AQ)QS'i+Ag + A2g. 
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To see this relation, we recall that L^Si — KQ and hence 

L^KSi = [L_,A]S'i+AL_S'i = DSi + 2xQ'QSi+ K^Q 

= -Si + Q^Si +AQ + 2xQ'QSi + K^Q 

= -Si + 2{AQ)QSi + AQ + A^g, 

as claimed. In a similar fashion, we deduce from L^Gi = — VQ that 

(C.7) L_AGi =-G'i-VQ + 2(AQ)gGi-AVg. 

Next, we recall that 

ASp == Ag + 0{V^), KQv = bhSi + vKGi + 0{V^), 

Combining (jC.6p and (|C.7p with this fact and using that L^KQ — —Q, we find that 

LHS of daH) = (£i,L+Ag) + fe(e2,i-A5i) +t;(£2,i-AGi) 

- 2b{QSie2, AQ) ~ 2v{QGie2,AQ) - 6(^2, A^g) + w(£2, VAg) 

+ 0{V^e\\L2) 

= -(ei, g) - 6(£2, Si) - v{e2, G{) + 6(£2, Ag) - vie^^Q) + 0{V''\\e\\L^) 

= -^{e,Qb)+0{V^\\e\\L-^.). 

Here we also used that b{e2,AQ) = ©("P^HelUO and ?;(e2,Vg) = 0{V'^\\e\\L2), which 
follows from the orthogonality conditions (j5.6p and (j5.9p . respectively. This completes the 



proof of (ICTT)) . 

Proof of estimate (|C.2p . Here we argue as follows. From the proof of Proposition 14. II 
we recall that 

db^v = 2bT2 + vF2, dbev = Si + 0{b^), 
where 

L+T2 = i^i - ASi + SfQ, L+F2 = Gi- AGi + VSi + 2GiSiQ 

Using these facts, we compute 
LHS of dSJ) = (£2, i_5i) - 2&(5ig£i, Si) - 2v{eiGiQ, Si) + b{ei,ASi) - v{ei,WSi) 
+ 2b{ei,L+T2)+v{ei,L+F2)+0(V^\\e\\L2) 
= (£2, Ag) - 26(£i, SfQ) - 2v{ei,QGiSi) + b{ei,ASi) - v{ei,VSi) 

+ 26(£i, i^i - A^i + SlQ) + w(£i, Gi - AGi + V Si + 2Gi5ig) 

+ 0{V^e\\L2) 
= (£2, Ag) - 6(£i, A5i) - z;(£i, AGi) +«(£i,Gi) - +0{V''\\e\\L2) 
= (£2,ASp)-(£i,Aep)+0(7'2||£||i2). 

In the last step we also used that t;(£i,Gi) = C'(7'^||£||i2) thanks to the orthogonality 
condition (|5.10p . This completes the proof of (jC.21) . 



Proof of estimate (jC.3p . We now turn to the proof of estimate (IC.Sp . Indeed, by 
recalling (I5.13p . we find that 

LHS of dEl = (£2, L-P2) + {ei,L+pi) - 2b{e2,QSipi) - 2v(£2, gGipi) - 6(£2, Api) 

+ v{e2,Vpi)+0{V^e\\L2) 

= 26(£2, g^ipi) + 6(£2, Api) - 2&(£2, r2) + 2w(£2, gGipi) - V(£2, Vpi) - v(£2, F2) 

+ (£1, 5i) - 2fe(£2, QSipi) - 2v{e2,QGipi) - b{e2, Api) + w(£2, Vpi) 

+ 0{V^£\\l-2) 
= -2b{e2,T2) - v{e2,F2) + [ei.Si) + 0{V^e\\L2) 
= -{e2,db^v) + {ei,dbQv)+0{V''\\e\\L2) = 0{V^\\e\\L2), 
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using the orthogonality condition (|5.7p . The proof of (|C.3I) is now complete. 

Proof of estimate (|C.4p . First, we note that 
(C.8) VEp = VQ + C'(7'2), VQv^hVSi+vVGi+0{V'^). 

Moreover, we have the relations 

(C.9) L+VQ = 0, L^VS*! ==2(VQ)QS'i+VAQ, L_VGi = 2(Vg)QGi - V^g, 
which are obtained in an analogous way as done to show (|C.6I) and (jC.7|) . Thus we obtain 
LHS of dEl = 6(62, i-VS-i) + w(£2, i-VGi) + (£i, L+VQ) 

- 26(e2g5i, Vg) - 2i;(£2gGi, Vg) - 6(£2, AVg) + w(£2, V'g) + 0{V^\\e\\L2) 

= 2&(£2, (vg)g5i) + fe(£2, vAg) + 2v(£2, (vg)gGi) - ^(£2, v^g) 
- 26(£2g5i, vg) - 2w(£2gGi, vg) - &(£2, Avg) + ^(£2, v^g) + o{v^\\e\\L2) 

= 6(£2, [V, A]g) + 0{V^e\\L'^.) = fe(£2, Vg) + 0{V^\\e\\L-) 

since 6(£2, Vg) = 0{V'^\\e\\L-i) due to condition ((0|) . This shows that ([04]) holds. 

Proof of estimate (|C.5I) . Here we notice that 
(CIO) a^Ep = hF2 + 2wiJ2, d^Qv = Gi, 

where 

(C.ll) L+H2=S/Gi+GlQ. 

Using the relations above, we thus obtain 

LHS of dESl) = (£2, L-Gi) - 26(£igS'i, Gi) - 2w(£igGi, Gi) + 6(£i, AGi) 

- «(£i, VGi) + 6(£i, i+F2) + 2«(£2, L+i?2) + 0{V^e\\L2) 
= -(£2, vg) - 26(£ig5i, Gi) - 2w(£igGi, Gi) + 6(£i, AGi) 

- w(£i, VGi) + 6(£i, Gi - AGi + VSi + 2GiSiQ) 
+ 2v{ei,WGi+GlQ)+0{V^e\\L2) 

= -(£2, vg) + &(£i, V5i) + «(£i, VGi) + 0{V^\\e\\L2) 
= -(£2, VEp) + (£1, VOp) +0(7'2||£|U2), 



thanks to the orthogonality condition (j5.9p . This completes the proof of (jC.SP and hence 
we have proven that Lemma IC II holds. D 



Appendix D. The Cauchy Problem 

We have the following local well-posedness result concerning the Cauchy problem for 
the L^-critical half- wave equation (jl.ip . In fact, the proof of the following well-posedness 
result for problem (|l.ip can be deduced in a verbatim fashion as for the so-called cubic Szego 
equation treated in [15j. We have the following result, where we only consider forward times, 
which is no restriction due to the time- reversibility of (11.11) . 

Theorem D.l. Let s ^ 1/2 be given. For every initial datum uq G iJ'*(K), there exists a 

unique solutionu G G^ ([t{).,T)] H'^ {W)) of problem (jl.ip . Hereto < T{uq) ^ +00 denotes its 

maximal time of existence (in forward time). Moreover, we have the following properties. 

(i) Conservation of i^-mass, energy and linear momentum: It holds that 

M{u)=j\u\\ E{u) = ^l\Diu\'~^J\u\^ P{u)^ ju{-id^u), 

are conserved along the flow. 
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(ii) Blowup alternative in H^^^i Either T{uo) = +cx) or if T{uo) < +cx) then 
||u(t)||^i/2 — > +00 as t ^ T~. 

(iii) Continuous dependence: If s > 1/2, then the flow map uq h> u{t) is Lipschitz 
continuous on bounded subsets of H''^{R). 

(iv) Global Existence for Small Data: If u^ E II^{M.) satisfies ||uo|1l2 < |1(5||l2, 
then T{uq) = +00 holds true. 



Proof. Without loss of generality we assume that to = holds. Consider the corresponding 
integral equation 

(D.l) u{t) = e-''°uo - I f e-'^'-''^°\u{t')\^uit') dt' . 

Jo 

We discuss the cases of initial data in II''(R) with s > 1/2 first. Below, we indicate how to 
treat the borderline case s = 1/2. 

Case s > 1/2. First, we suppose that s > 1/2 holds. In this case, the Sobolev em- 
bedding ||m||/^oo ^ Cs||M||_ff in K shows that the nonlinearity u 1— >■ \u\'^u is Lipschitz on 
bounded subsets of -ff*(M). Hence, local existence and uniqueness of w € C°([0,T); iJ''(R)) 
follows from a simple fixed point argument, provided that s > 1/2 holds. Also, continu- 
ous dependence of u{t) with respect to the initial datum uq in _ff'*(R) as expressed in (iii) 
follows by standard arguments, using that u 1— >■ \u\'^u is locally Lipschitz on /^(M). To 
prove (i), we note that a calculation shows ^E{u{t)) = and ^M{u{t)) ~ 0, assuming 
that we have initial data in iJ^(K) so that E{u{t)) and M{u{t)) are C^ in t. By a standard 
approximation argument and local wellposedness in H'^iM) for s > 1/2, we conclude that 
E{u{t)) and M{u{t)) are also conserved for initial data in iJ*(E) for s > 1/2. 

To complete the proof of Theorem ID. II for the case s > 1/2, we have to show that 
property (ii) holds. Indeed, this can be seen as follows. From standard theory of semilinear 
evolution equations with locally Lipschitz perturbations, we have the blowup alternative in 
H'iR). That is, if w G C"([0,T); H''(R)) has the maximal time of existence T{uo) < +00, 
then ||M(i)||//s — )• +03 as t ^ T~ . Suppose now that T{uo) < +00 and assume that K = 
supjgrg-pN ||M(i)||^i/2 < +00 holds. We show that this implies K — supjgrQT-) ||M(t)||ffs < 
-l-cxD as well, which would prove that (ii) holds. In fact, from (jD.ll) and invoking Lemma 
ID. II we conclude that 

h(i)llH= «; ll^olk^ + / \Mt')\'u{t')\\H^dt' ^\\uo\\h^+C f \\u{t')\\l^\\uit')\\H^,dt' 

Jo JQ 

Mt')\\H 



-2 



^\\uo\\h^+CK 

/o 



log 2 



K 



u{t')\\H- dt'. 



Note here the fact that z^ log(l + a/z) ^ K'^ log(l + a/K) if < z s^ iiT and a ^ 0. If we 
let /(t) := \\u{t)\\H= /K, we obtain the integral inequality 

(D.2) fit) ^ /(O) + C [ [log(2 + fit'))] fit') dt'. 

Jo 

By Gronwall's lemma, this implies 



ct 



(D.3) 2 + /(i)s=:(2 + /(0))^ , forte[0,T), 

which shows that supj^rp ^^ ||u(i)||/fs < +00 holds. 

Finally, by recalling (|1.5|) . it is easy to see that initial data ||iio||i2 < ||Q||l2 are a- priori 
bounded in iJ^ " and hence u(i) extends globally in time, thanks to the blowup alternative 
shown above. This completes the proof of Theorem ID . 1 1 for s > 1/2. 

Case s = 1/2. In the limiting case when s = 1/2 holds, we need a more refined analysis 
of the problem. In fact, this can be done in an similar fashion as for the Cauchy problem 
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for the cubic Szego equation mentioned above; see |15| . For the reader's convenience, we 
give a brief sketch of the main arguments that treat the borderhne case s = 1/2 as fohows. 

First, we can obtain a weak solution u £ Cw{[0,T); H^^^{R)) by an approximation and 
compactness argument. 

Then, we show uniqueness by an argument basically due to Judovic [T7]; see also |38l . 
More precisely, by using Lemma [0.21 below . the quantity g{t) = \\u{t) — u{t)\\'j^2 is found to 
satisfy 

wm < (hwiiS/.l + ii^wiiSA!) Mt) - umT^^ < cpgit)'-K 

for any exponent p > 2 and where C > is some constant depending only on the bound 
suptgj{||u(i)|j^i/2, ||'u(t)|jjyi/2} with / being any compact time interval of existence includ- 
ing t = 0. Thus if 5(0) = 0, we obtain that 

9it) < (ctr, 

by integrating the previous bound. In particular, we see that g{t) — >■ for any t < \/C 
as p — > +00. Hence we deduce that g{t) = for t < 1/C, provided that ^(0) = 0. 
Repeating the argument in time if necessary, we deduce uniqueness of the weak solution 
u e C„([0,r);ifi/2(R)) solving (fTTI) . 

Finally, we upgrade u € C^{[0,T); H'^^^iR)) to u e C°([0,T); iJi/2(R) by a standard 
argument using weak convergence and the time reversibility of the flow. Also, the proof of 
continuous dependence in 7J^/^(R) follows from standard arguments. This completes our 
sketch of the proof of Lemma ID.ll D 

We conclude the present section with some fundamental estimates related for the space 
i?^/^(R). (See also [T5] for similar statements and proofs in the periodic setting.) 

Lemma D.l. For s > 1/2 and u £ iJ*(M), we have 

f II II M^^^ 

II^IIloo g: ahllfli/2 log 2+ '7''° 

where Cs > is some constant that only depends on s > 1/2. 

Proof. This follows from standard arguments in the literature. For the reader's convenience, 
we reproduce the proof here. For every A > fixed, we deduce that 



Jm^A (i + Kl)^ iici^A (i + Kl) 



< {\\u\\Hm log(A + 1)1/2 ^ ||^^||^^^-.+l/2^ 

By nrinimizing this bound with respect to A > 0, we obtain the desired inequality. D 

Lemma D.2. For any u e H^/^(R) and 2 < p < +00, it holds that 

\\u\\lp^Cp'/^\\u\\hi/2, 
where the constant C > is independent of p and u. 

Proof. This follows from standard arguments in the literature. For the reader's convenience, 
we present the details. Let ^{■) denote the Lebesgue measure on M. We have the general 
formula 

/•oo 

Ml.^P t^-^^l{{x■.\u{x)\^t})dt. 

Jo 
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Without loss of generality, we will assume that ||u||^i/2 = 1 in what follows. Next, we 
write u = u^a + u^a where u^a{x) = -h= i|f|<A^(Oe*^^ d^. For any i ^ 0, let us choose 
A = At ^ such that ||m^a||l°° =$ t/^. Indeed, note that 

/ \ 1/2 

\\u^A\\L^<f m)\d(<lf HOl'dA •log(A + l)i/2 

<h||HV.log(A + 1)1/2 ^clog(A+ 1)1/2, 

where c > is sonic universal constant (and note that ||w|l/fi/2 = 1 by assumption). Hence, 
for any i ^ 0, we can always find A = At to ensure that ||u^a||l°° ^ t/2. Making this 
choice, we find that 

/•OO POO 

r.21og(|5|+i)i/" 

m)\'d^dt^p I { I 



Jo Jo 

^p t^-' HOfd^dt^p { tP-'dt]\u{Ofd^ 

Jo J\i\>f^t J \Jo J 



p-2 



Here we used the bound (log(|^| + 1))^ < ^^(|CP + 1)^/^ for £ > 0. By taking the 1/p-th 
power on both side, we obtain the claimed inequality. D 



Appendix E. Completion of the Proof of Lemma 17.11 

Here we improve the bound (17.61) , thus completing Step 6 in the proof of Lemma 17.11 
We achieve this by using a Fourier-theoretic method. Our point of departure is again the 
identity 

idtu = Du — \u\ u — 4' — F, 
where we have 



F^\u + Q\\u + Q) - \Q\'Q - \u\'u, Q := jr—Qv ( (^(^ ) ^ 

We plan to obtain a TJs+'^-bound on u for e > sufficiently small, taking advantage of the 
a priori bounds at time ti and those assumed for t e [to,ii]. Consider 

(E.l) dt\ y V L 

= iQ (~D^+^ [\u\'^u + tP + F], D^+^u 

We commence with the contribution of that part of F which is linear in u. Thus we have 
to estimate the expression 

In order to control this, we need to bound expressions of the form 

^"(/5)-/P"5), «e[0,i]. 

We claim the bound 

WD'^ifg) - f{D^g)\\L^ < I|i?"/IIlHI3IUi, " e [o, i]. 

This follows from Plancherel's theorem and the identity 

mfm) - fiD^gm - / (i^r - hr)/(^ - vMv) dv, 
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and we have 

In particular, wc find 



(ler - hr)/(c - ri)g{n) drj\ ^ I \^~ vnm^ - v)mv) dv, « e [o, i], 

whence 

II /(l?r-hr)/(e-^).9(r/)d^||L? «;min{||Z?"/|U.||.9|Ui, ||S^|Ui||.9|U.}, ae [0,1] 



Further, we recall the elementary fractional Leibniz rule 

II^"(/3)IIl^ < II^"/IIlHI.9IIl- + ||^".9||lHI/IIl-, a ^ 0. 

We immediately infer that 

'Di+'{\Q\^u),Di 



(E.2) 

= \-s ({\Q\'Di+^-u),DH) \ + 0{\\Di+^-\QmL4uU4Diuh. 



We can estimate the right-hand term by 

0{\\Df^QmLAmL4D-^i^\\L^) < A-i-2e^^i < ^-2e^ 

which is integrable for s small enough. Next, consider the more delicate term 

\Q({\Q\^D^+^'u),Diu)\. 



Here the key is to exploit a cancellation: Writing D^u^^) = /(^), wc find 



2t^T{Di+^'uDiu)iO = / le - Vf'ifi^ - V)f{v) - /(C - V)f{v)] dv 



It follows from Plancherel's theorem that 

|3 ({\Q\'D^+'^u),D^n) \ = \ f T{\Qm) [ [|e - V\'' - IvnhC - V)mdvd^\ 
(E.3) ^ ' ^ ' ' Jr Jr 

^ iiicp^-^(iQn(oiiLjii/iii. < x-'-^'x = A-2^ 

Next, we consider the term 

The challenge consists again in moving the extra 2e derivatives away from the function ii. 
To this end, we write 

D^+^[2^{iiQ)Q], D^+^n) ^ ^ ([2D^+^^{uQ)Q], D^+^u) +errori. 



In order to estimate the error term, introduce / — 2^(uQ), g — Q, h = D'^u. Then using 
Plancherel's theorem, we find 

erron ^^J \^\- J /(^ - vMr - I? - rjngiv)W) dvd^, a^^+e, 

and so we infer the bound 

lerronl sC {\\D' f\\L2\\D^g\\Li + ||/|U2||.D^|UOI|/i||L^ 
(E-4) 

< (Ai-^A-2 A-i-^ + XX-2X-^-^^)X2 < A-2e, 

We further obtain 



[2D^+^^{uQ)Q],Di+''u) =^([2?iiiDi+^uQ)Q],Di 



be- 



u + error2 , 
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and we can estimate with f — u, g — Q, h ^ QD^^^ii^ 



lerrorsi - | j^jjii - ^M^ ~ \i - riDmKO dvdi\. 

Then since we have 

\\h - DHQD--u)\\l2 < \\D^Q\\li\\dH\\l2 < A-5-^A5, 

we find 

\eTT0V2\ < Ifh-AlD^ghAlh - D%QdH)\\l2 
+ \\D'f\\L4D^9\\L4QD^i'A\L- 
(E.5) +\\.f\\L4D^+^9\\L4QD^u\\L- 

We have thus far reduced estimating the term 

to estimating the term 

[2Di'ifi{D^uQ)Q],Di+''u) + errorg 
[2^iD^uQ)Q] , D^+^uj + crrora + error4. 

Denoting / — D'^u, g — Q, h — QD^u, hi ~ D^h — QD^+^u^ wc find with Plancherel's 
theorem 

|error3|< f iM - vM^ - \C - ri\^\9iv)\mhm dvd^ 

Jr 

+ I \m - ^)|ICI^ - le - vl^lgivrnM) dvdi 

Jr 
< [\\D\fU4D^g\\L^ + \\.f\\L4D^9\\L4\h\\L- 

+ \\.f\\L4Dh\\L4hl\\L- 

Further, wc find with / = 2n{D^nQ), g^Q,h^ D^u, 

|error4|< f iM ~ vM\'^ - \^ - ri\^\g\ivm'\hm drjd^ 

Jr 

(E.7) < iWD^fh^D^gh^ + Ifh^D^gh^mh- 

< {X^-^^X-^X-^ + X^-^X-i-^X-^ + X^-^X-ix-^-^)xi 

< A-2^ 
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We have now reduced things to the term 
'i([2^{D''liQ)Q],D^+^u) 

= -5R ([2n{D'nQ)Q] , D'dtii] - 3? ( [2^{D'uQ)Q] , D'G 

= -n (2n{D''uQ),dt(QD''u)) + n hniD'uQ), {dtQ)D' 

where we put G — \u\'^u + ip + F. We finally estimate the contributions of these three terms: 
for the first term after the last equality sign, we have 



(E.8) f ' -^(2^{D'uQ),dt{QD'u^ dt ^ \\^{D'uQ)\l'\\l2 < (X^^'f 

\?Si(2^{D'uQ),{dtQ)D' 



It 
Next, we find 

(E.9) 

< \\D'uQ)U2\\dtQ\\L^\\D'u\\L^ < (A1-^)2a-i. 

Finally, we estimate the third term above involving the expression G„ . We have schemati- 
cally 

\u\^u + F ^ Q^u + Qu^ + u^ 
Using Lemma [D-li it follows that 

\\D'[\ufu + F]U. < WD^uWM^-' + A-^A^ log^ (w^) + ^l«g (S^)) 

II 11^^ II ll^i 



i_.. 1 , 1 



l^ll^^^ 



+ \\u\\L^i\-'-' + A-^-^A^ log^ ( 1,-r )) 



^"h^ 



<A-^ + Ai-nog(||S||^.,J. 
We conclude that 

\'i([2di{D^uQ)Q],D'G) I 

(E.IO) <mD'uQ)Qh2[\\D^[u\^u + F]\\L2 + \\D'^L-A 

<X-^\-^ + \'-^log{\\u\\^^,,)]. 

The inequalities (jE.4p - (|E.10p complete the estimate of the term 

Q(Di+'[2^iuQ)Q],Di+' 

We continue with the remaining interactions in 

i^ (-Di+mu\^u + F], D^^-u 1 

We write the higher order terms in [JMpM + _F] schematically in the form 

We get 

(~Di+'[\il\'^u + FlDi+' 



\i^ 



(E.ll) ^ \\D^^^uU.{X-^\\u\\^. log^ (_iO_)||,,.+e~ 



Hi 






NONDISPERSIVE SOLUTIONS TO THE L^-CRITICAL HALF-WAVE EQUATION 49 

By combining (jE.l[) - (jE.ll[) and denoting Y{t) := \\D^^'^u\\^2, we deduce 

\rm < A-- + A-^ log (^^M±i) + y(t)A-^ ii.ii^. log^ (nlr^)- 

II 11^^ II 11^3 

In view of the fact that A ^ i^, Y{ti) < A^^^"^, and ||m|| i < A2 , a Gronwall-lemma type 
argument implies that 

Y{t) < A3-2e^ 

provided e < -j, for t sufficiently small, which is the desired a-priori bound. This completes 
the Step 6 in the proof of Lemma [73] 



Appendix F. Fractional Leibniz Type Formula 

Lemma F.l. Suppose N ^ 1 and let (j> : M.^ — > M 6e such that W(j> and A(j> belong to 
L°°(R^). Then we have 



m(x)V(/)(x) • Vu{x) 



< \\V(J)\\l^\\u\\%,,, + \\Aq}\\L^\\u\\l2. 



Proof. By density, it suffices to prove this bound for any Schwartz function u £ S{R^). 
Let 

{I,Tg)^ [ f{x)S/ct>{x)-\/g{x), iov f,g e S{R^). 

Define a = \\'V(J)\\l°° and b — ||A(/)||l°o, where we suppose that b > (and hence a > 0) 
holds. (Otherwise, the arguments below can be trivially modified in this case.) We define 
the norm || ■ ||/ji by setting 

\\u\\l.^=a^Vu\\l.+b'\\u\\l.. 

By the Cauchy-Schwarz inequality, we immediately find that 

\if,Tg)\ < ||V0|U^||/|U.||V5|U. < Wfh^aWHly 

On the other hand, if we integrate by parts and apply Cauchy-Schwarz again, we obtain 
that 

\if,Tg)\ = y V/» • VcP{x)gix) + fix)A(t){x)g{x) 

Combining the previous estimates, we deduce the operator bounds 

(F.l) WTWl^^h-}^'^ and ||T||^i ^^^ < 1, 

a,b ^^o 

where the space H~^ denotes the dual of H^^^ equipped with the dual norm ||ii||rr-i = 

' ■ a.b 

sup{\{v,u)\. 

Now, we are ready to use standard interpolation theory to complete the proof. Indeed, 
let 

denote the real interpolation of i^(R^) and i?^f,(IR^) with exponent ■& E (0,1). Using 
Plancherel's theorem and the equivalence (a^|^p + b'^)^ ~ a^^j^p'' + 6^'' and applying 
standard interpolation arguments (see e.g. 1421 Lemma 23.1]), we deduce with equivalence 
of norms that 

X''{R^)c,Hl,{R^), for ,9 e (0,1), 

where the norm |j ■ ||j:/'9 is given by 

2i?ll niJ„,l|2 I i,2i?| 



P^ — n^*'ll n*-7/IP ^ ^^■''lli/ll^ 
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From interpolation theory we deduce from (|F.ip the bound 

\{f,T9)\<\\f\\H^J\9\\H^-., for I? e (0,1). 

a,o a.b 

By taking {) — 1/2 and f — u and g = u, we complete the proof of Lemma [F. II D 
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